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SMOOTHING OUT POSITIVELY CURVED METRIC CONES BY RICCI 

EXPANDERS 

ALIX DERUELLE 


Abstract. We investigate the possibility of desingularizing a positively curved metric cone 
by an expanding gradient Ricci soliton with positive curvature operator. This amounts to 
study the deformation of such geometric structures. As a consequence, we prove that the 
moduli space of conical positively curved gradient Ricci expanders is connected. 


1. Introduction 

Given a metric cone C(X) over a smooth compact Riemannian manifold (X,gx) endowed 
with its Euclidean cone metric gc(x) : = dr 2 + r 2 gx, we focus on sufficient conditions on the 
section (X,g\) ensuring the desingularization of this metric cone by the Ricci flow. More 
specifically, we look for an expanding gradient Ricci soliton smoothing out (C( X), dr 2 + r 2 gx) 
instantaneously. Recall that an expanding gradient Ricci soliton is a triplet (M n , g,X7 f) where 
(M n ,g) is a complete Riemannian manifold and / is a smooth function (called the potential 
function) such that the following static equation holds on M n : 

Ric(ff) + | = V 9,2 /. ( 1 ) 

In other words, we ask for the Bakry-Emery tensor Ric(g) + V 9,2 (—/) to be constantly 
negative. Formally speaking, one can associate to any expanding gradient Ricci soliton a 
corresponding Ricci flow g{r) := (1 + T)<p*g, living on (—l,+oo) where (0 T ) T is the one 
parameter family of diffeomorphisms generated by the vector field — V 9 //(l + r). Note that 
these expanding structures are the only candidate among Ricci solitons that could do the job. 
In some sense, from a Ricci flow perspective, it seems that Ricci expanders should be at least 
generically the best critical metrics when one is unable to find an Einstein metric, a shrinking 
or a steady gradient Ricci soliton. The purpose of this article is to confirm these heuristics in 
some particular setting we describe now. 

In this paper, we will stick to the case where X is diffeomorphic to the standard sphere § n_1 
so that there is no topological restriction to do so : the first obvious necessary condition to 
desingularize such a metric cone is that the section of the cone has to bound but it has nothing 
to do with the expanding structure. We actually answer affirmatively when the section of 
the cone is positively curved, but before giving a statement, we need to recall a couple of 
definitions. 

First, let us start with a very general definition of a Ricci flow with rough initial condition 
inspired by jSie m at least. 

Definition 1.1. Let ( X , dx) be a metric space with diameter less than i: and let (C*(A'), d^rx)) 
be the metric cone endowed with the Euclidean metric : 

dc{x)((x,t),(y,s)) := y 't 2 + s 2 - 2ts cos {d x (x,y)). 

l 
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Then, a smooth family (M n , <?(i))te(o,T) > withT E (0, +oo], of complete Riemannian manifolds 
is a Ricci flow with initial condition (C(X), d c ^ X )i o) if it satisfies for some point p € M n : 

f dkg = -2Ric (g(t)), on M n x (0 ,T), 

\ lim t ^o (M n ,d g( t),p) = (C(X),d c{X ),o) , 
where the convergence is in term of the pointed Gromov-Hausdorff topology. 

When (M n , 5(i))te(0,+oo) is an expander, the two notions of rough initial condition and 
asymptotic cone (in the sense of Gromov) coincide. Indeed, assume that p is in the critical 
set of /, an assumption that will be satisfied in our setting, then 

(C(X),d c{x) ,o) = lim(M n ,d g{t) ,p) = lim(M n ,t^ 2 cfUd 9 ,p) 

= lim(M n ,t 1/2 d 9 ,0 f _i(p)) = lim (M n ,r~ l d g ,p). 

t—^ 0 r —>+oo 

Regarding our main problem, this means that it amounts to study the asymptotics of ex¬ 
panding gradient Ricci solitons that are asymptotically conical whose definition taken from 
[ Derl4a j is recalled below : 

Definition 1.2. An expanding gradient Ricci soliton (M n ,g, V/) is asymptotically conical 
with asymptotic cone ( C(X),dr 2 + r 2 g x ,rdr/ 2) if there exists a compact K C M, a positive 
radius R, a diffeomorphism cf) : M \ K —» C(X) \ B(o,R ) and a sequence of nonnegative 
functions (fk)k defined on such that 

sup |V fc (0*s - 9c{x)) \g c , X ) = 0(fk(r)), Vfc € N, (2) 

8B(o,r) 

f(<t>~\r, x)) = j, V(r, x) € C(X) \ B(o, R), (3) 

fk(r ) = o(l), as r —>■ +oo, Vk > 0. (4) 

In [Per 14a] , we actually proved that the convergence is only polynomial at rate r = 2, i.e. 
fk(r) = r _2_fe for any nonnegative integer k when the cone is not Ricci flat : this rate is 
sharp. We are now in a position to state the first main theorem of this paper : 

Theorem 1.3. Let (X,g x ) be a smooth simply connected compact Riemmanian manifold 
such that Rm(gx) > 1. Then there exists a unique expanding gradient Ricci soliton with 
nonnegative curvature operator asymptotic to (C\X),dr 2 + r 2 g x ,rd r / 2). 

The second aim of the paper is to give a classification of asymptotically conical expanding 
gradient Ricci soliton with positive curvature operator in dimension greater than 2. Indeed, 
in dimension 2, Kotschwarr [KotOGj proved that an expanding gradient Ricci soliton with 
non negative scalar curvature is rotationally symmetric hence reducing the equation (jT|) to 
an O.D.E.. The O.D.E. analysis then furnishes a one parameter family of expanding gradient 
Ricci soliton (52 2 , <? c ) c e(o,i] asymptotical to (C(S 1 ), dr 2 + (cr) 2 d0 2 )) cg ^ o ^, E 2 being diffeo- 
morphic to R 2 . The analogous higher dimensional examples have been provided by Bryant in 
unpublished notes [Chap. l. [CCG + 07l| ] : this is again a one parameter family (M n , <? c )ce(o,i] 
that is rotationally symmetric, that has non negative curvature operator and that is asymp¬ 
totic to (C(§ n_1 ), dr 2 + (cr) 2 < 7 g n -i) cG(0 1 j. We are able to show the following : 
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Theorem 1.4. Let {M n ,g, V/), n > 3, be an expanding gradient Ricci soliton with posi¬ 
tive curvature that is asymptotically conical. Then there exists a one parameter family of 
asymptotically conical expanding gradient Ricci solitons with positive curvature connecting 
(M n ,g,S7f) to a Bryant soliton (W n ,g c ,'Vf c ) with some c depending on the volume of the 
section of the asymptotic cone of {M n ,g). 

In other words, theorem P shows that the moduli space of positively curved expanding 
gradient Ricci solitons smoothly coming out of a metric cone is connected. 

To tackle this problem, i.e. theorems 11.31 and 11.41 we use a continuity method. Roughly 
speaking, the main idea comes from the following observation : given a simply connected 
Riemannian manifold (X,gx) such that Rm(gx) > 1, one can start the (normalized) Ricci 
flow and end up with a one parameter family of metrics (fl , (s)) sg [o ) + 00 ] on X of constant 
volume connecting (. X,gx) to {X,c 2 g§n- 1 ) where c n ~ l = Vol(A, <?x)/Vol(§ n_1 , <?§n-i) thanks 
to the fundamental work of Bohm and Wilking [BW08j . Therefore, the initial metric cone 
( C(X),dr 2 + r 2 gx ) is connected to the cone (C(S n_1 ), dr 2 + ( cr) 2 g§n-i ) which is smoothed 
out by the corresponding Bryant soliton ! As usual, one splits the proof in two parts : the 
openness and the closedness of the set of such solutions. The compactness of positively curved 
expanding gradient Ricci solitons has been proved in [Derl4a j. Indeed, we proved the following 
theorem : 

Theorem 1.5. / }Derl4a] / The class 

^Exp{ n i (A-k)k>Oi Vo) := {{M n ,g,Vf,p) normalized expanding gradient Ricci soliton. s.t. 

Rm (g) > 0 ; Crit(/) = {p} ; 

AVR(g)>V 0 ; A*(Rm( 5 )) < A fc , Vk > 0} 

is compact in the pointed C°° topology. 

Moreover, let a sequence {Mi,gi,Vfi,Pi)i be in yjl™ p ( n i(Ak)k> OjVo). Then there exists 
a subsequence converging in the pointed C°° topology to an expanding gradient Ricci soliton 
(M 00 ,g 00 ,'Vf 00 ,Poo) ’iri^M^ p {n,{A k )k>o,Vo) whose asymptotic cone 

(CiX^gcix^Ooo) the limit in the Gromov-Hausdorff topology of the sequence of the 
asymptotic cones {C{Xf), gc( Xi )i of)i with C°° convergence outside the apex. 

We explain how theorem 11.51 solves the closedness of the set of solutions as in theorems 11.31 
and P As the operator is supposed to be nonnegative, the potential function is a proper 
strictly convex function (proposition IA.2D . in particular, its critical set is reduced to a point 
and the underlying manifold is diffeomorphic to M n . Therefore, the assumption Crit(/) = {p} 
only suggests that we decide to mark this Riemannian manifold by this particular point. 

We recall that the invariants (Ag(Rm(g)))fc>o are defined by 

Ag(Rm(g)) := limsuprp +fe |V fc Rm(g)|. 

r p ->+oo 

By the Gauss equations applied to the section of the asymptotic cone of a Ricci expander, 
bounding these invariants uniformly amounts to bound the covariant derivatives of the curva¬ 
ture of the link uniformly which is actually the case in our setting described above. Moreover, 
the asymptotic volume ratio AVR(g) := lim r _ > .+ 00 Vol B(p,r)/r n , for some point p € M n 
is proportional to the volume of the link that is constant here, hence bounded from below 
uniformly. 
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Therefore, it remains to provide a proof of the openness of such set of solutions. Before 
going deeper into the details of the proof, we mention works on analogous subjects that share 
similarities with this approach. As a kind of Dirichlet problem at infinity, we benefitted 
from the works on conformally compact Einstein manifolds by Anderson [AndOSj , Biquard 
[BiqOO] , Graham-Lee JGL91], Lee (Lee06 j to mention a few. More closely, this project on 
Ricci expanders has been motivated by the thesis of Siepmann [Sie m on deformations of 
Ricci expanders in a Kahler setting : we will mention all along the paper the technical dif¬ 
ficulties we had to face when one drops the Kahler assumption. Finally, the main source of 
inspiration comes from the work of Schulze and Simon |SS13j : they actually show that any 
asymptotic cone of a generic Riemannian manifold with positive curvature operator and posi¬ 
tive asymptotic volume ratio can be smoothed out by a positively curved expanding gradient 
Ricci soliton where the convergence is only given in term of the pointed Gromov-Hausdorff 
topology. Therefore, our results make precise the picture in the case the convergence to the as¬ 
ymptotic cone is smooth. More precisely, recall that the asymptotic cone of an n-dimensional 
Riemannian manifold with nonnegative curvature operator (nonnegative sectional curvature 
suffices) and positive asymptotic volume ratio is a metric cone over a compact Alexandrov 
space homeomorphic to § n_1 of curvature not less than 1 : see ( SSl3 j and the references 
therein. Therefore, theorem 11.31 provides a complete understanding of which metric cone can 
appear as the asymptotic cone of a Ricci expander in a smooth setting. 

We now give both the structure of the paper and the main steps of the proof : 


(1) Fix once and for all an expanding gradient Ricci soliton (M n , go, V 90 /o) with positive 
curvature asymptotic to (C( § n_ 1 ),dr 2 + r 2 jo, rd r /2). Given a perturbed metric 71 of 
70 on the section of the cone, we want to solve the following problem : 


if — 2Ric(gi) — g\ + jSfVsi/ 0 ( 51 ) = 0 

( 5 ) 

[ lirn r ^. +00 (M n ,r 2 g,p) = (C(8 n l ),dr 2 + r 2 7 i,o). 

Note that we are fixing the potential function : it turns out that it simplifies the 
analysis, the main reason being that on any asymptotically conical expanding gradient 
Ricci soliton the potential functions are all the same outside a compact set when pulled 
back on their respective asymptotic cone. This choice is also adopted in [Sie W- 
The first issue one usually faces when trying to prescribe some Ricci curvature is 
the lack of strict ellipticity of the system ([5]). The is due to the invariance under the 
whole group of diffeomorphisms of M n . To circumvent this problem, one uses the 
so called DeTurck’s trick, that amounts to fix a gauge once and for all, by adding 
the right Lie derivative so that the linearization becomes strictly elliptic. Indeed, the 
linearization of © at (M n ,go) is : 


D ao (- 2Ric (5i) - 9i +j£W/o(3i)) {h) = A goJo h + 2Rm(g 0 ) * h 

— “^diVg 0 ,/ 0 h— v®0 tr 90 h/2(90)1 

where h is a symmetric 2 -tensor, where A go j 0 h := A go h + Vy 90 j o h is the weighted 
laplacian and div ff0 j 0 h := div ff0 h + h(V 9 o /o) is the weighted divergence and finally 
(Rm(< 7 o) * h)ij := Rm(go)ikijhki ■ The operator A go j 0 is also known as the Witten 
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laplacian when considered on differential forms and belongs to the class of Fokker- 
Planck operators. 

(2) • We are then reduced to study the Fredholm properties of the linearized operator 

L also called the weighted Lichnerowicz operator defined by : 

L '■= A goJo + 2Rm(0 O ) * • 

As we said previously, the convergence to the asymptotic cone of (M n ,go,'V 90 fo) 
is only polynomial in the distance to a fixed point. This prevents us from us¬ 
ing weighted Sobolev spaces modeled on L 2 (e^°dg(g)) on which L or A go j 0 is 
symmetric. Hence the inevitable use of adequate Holder spaces : see section 12.11 
Now, essentially because L has unbounded coefficients, Da Prato and Lunardi 
[DPL95] showed that such operator is neither strongly continuous nor analytic in 
the space of bounded continuous functions on (M n ,eucl). Nonetheless, adapting 
the proof of Lunardi in the Euclidean case |Lun98j to a Riemannian setting, we are 
able to make sense of the semi-group and the resolvent associated to this weighted 
laplacian. The main reason why it works comes from the basic observation : 

fo ° A 9o,/o ° fo° - A 9o,/o - «, (6 ) 

up to compact perturbations, for any real number a. As the potential function 
is quadratic in the distance, computation ([6|) shows that this weighted laplacian 
preserves tensors with some given polynomial decay at infinity and when a is 
positive, one can make sense of the resolvent. In section 12.21 we state the main 
results that prove the existence of solutions in the previously mentioned Holder 
spaces with low regularity : theorems 12.2112.31 The proof of theorem 12.21 is post¬ 
poned to section 12.31 where we recall several facts about interpolation theory in 
a Riemannian setting. We then state and prove in section l2~il theorem 12.14l that 
is the analogue of theorem 12.31 with higher regularity. 

• As L is a compact perturbation of the weighted laplacian, it remains to show 
that it is injective so that L is an injective Fredholm operator of index 0, i.e. an 
isomorphism. For that purpose, we use for the first time the assumption on the 
sign of the curvature. More precisely, the main tool is the maximum principle 
for symmetric 2-tensors due to Hamilton that has been used several times in the 
setting of Ricci solitons : [Brel3] , [Chol4] , |Derl4a] to mention a few : this cor¬ 
responds to corollaries 12.41 12.161 

(3) It suffices now to apply the implicit function theorem for Banach spaces to get an 
expanding deformation of (M n , go, V 90 /o) : this is the purpose of section [231 If 71 
is regular enough but not smooth, this implicit expanding soliton is not smooth at 
infinity even if it is (locally) analytic by the results of Bando |Ban87j . This actually 
provides, up to the knowledge of the author, the first example of expanding Ricci 
solitons that are not smoothly asymptotic to their asymptotic cone : see theorem 

EH 

Now, what if 71 is C°° ? We actually have to use the Nash-Moser theorem to 
circumvent this inevitable loss of derivatives. We follow the presentation of the Nash- 
Moser theorem due to Hamilton [ Ham82 j dealing with the so called tame category 
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for Frechet spaces : see section 13.11 for the definitions of this category. It turns out 
that our previous choice of function spaces is not in the tame category mainly be¬ 
cause bounded continuous tensors do not extend in an obvious way at infinity (or 
on the section of the asymptotic cone). This is why we study the realization of the 
weighted laplacian in the space of continuous tensors converging to 0 at infinity : see 
section 13.11 for the definitions of the relevant Frechet function spaces and section 13.21 
where we state and prove the main theorems 13.21 and 13.31 analogous to theorems 12.141 
and 12.31 Finally, it is well-known that one needs to invert the linearized operator 
on a whole neighborhood of (M n ,go) (not just at this point) : this is the content 
of theorem 13.51 in section 13.31 This will lead us directly to the existence of Frechet 
deformations with the help of the Nash-Moser theorem : see theorem 13.71 of section [3~T1 

(4) So far, what we managed to implicitly produce is an asymptotically conical expanding 
Ricci soliton that is not GRADIENT a priori, that is a triplet (M n , gi,V±) satisfying 
the static equation 

2 Ric(<7i) + gi = Jzfvi (<7i)- 

To compensate for this issue, we need an ad-hoc no breather theorem in the spirit 
of Perelman : theorem IP In our setting, we can actually guarantee that ( M n ,gi ) 
has positive curvature operator, something that is not straightforward since the radial 
curvatures of a metric cone always vanish, i.e. it is not an obvious open condition. 
It turns out that the decay of the radial curvatures of an expanding gradient Ricci 
soliton can be controlled from below : [Derl4aj . These curvatures are essentially given 
by the divergence of the curvature operator. Therefore, if the metric g\ is sufficiently 
regular at infinity (C 3 at least), the curvature operator of g± is positive. 

Section U starts with some general considerations that motivate the introduction of 
some sophisticated objects such as the Hamilton matrix Harnack quadratic and some 
adequate entropy : proposition 14.11 Then, the rest of this section is devoted to give 
two different proofs of theorem 14.31 

On one hand, we are able to adapt the arguments of Hamilton [Ham 93] and Ni 
|Ni05j in section 14.21 to get rid of non gradient expanding Ricci soliton. This proof is 
based on the maximum principle and fully uses the Hamilton matrix Harnack estimate. 

On the other hand, section 14.31 gives an alternative proof based on some entropy 
introduced by Cao and Hamilton |CH09} for compact Riemannian manifolds with 
nonneeative curvature ODerator. Thanks to the work of Zhana: |Zha m, we are able 
to justify the monotonicity of this entropy along a Ricci flow with nonnegative cur¬ 
vature operator and controlled entropy at infinity. The proof uses the trace Harnack 
inequality due to Hamilton. In some sense, only the assumptions on the geometry at 
infinity differ. We end this section by giving a proof of theorem 11,31 

Acknowledgements. I would like to thank Felix Schulze and Peter Topping for all these 
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2.1. Functions spaces. In the spirit of [Sie m, we define the following function (weighted) 
Holder spaces for a complete Riemannian manifold (M,g). Let E be a tensor bundle over 
M, i.e. ( ® r T*M ) <S> ( <g> s TM ), or a subbundle such as the exterior bundles A r T*M or the 
symmetric bundles S r T*M : we will mainly consider the cases where E is either the trivial 
line bundle over M or the bundle of symmetric 2-tensors S 2 T*M. Let 8 E (0,1) and let k be 
a nonnegative integer. 

We start with a couple of definitions. 


Let ( M,g) be a Riemannian manifold < 
weighted laplacian (with respect to V) 

M. 

Let ( M,g ) be a Riemannian manifold and let w : M —>• M be a smooth function on 
M. The weighted laplacian (with respect to w) is A W T := A y w T, where T is a tensor 


is A V T := Al + VyJ , 


on M 


WAX . 

C k ’%M,E):={heC% e c (M,E) \ \\h\\ C k ’ e (M,E) < +°°}> where 


K 

C k ’ e (M,E) := SU P N l h\ + V k h 

7^o M 1 ie 


where 


V k h 


\V k h(x) - P* V k h(y)\ 

i := sup sup - — --, 

- ® xGM ygB(a:,(5)\{*} ufX, y) 

where 5 is a fixed positive constant depending on the injectivity radius of (M, g) and 
P x y denotes the parallel transport along the unique minimizing geodesic from x to y. 

C k on{M,E ) := {h E C k f c (M,E) | ||/i|| c m( M)E > < +oo} where 

k 


Ccin(M,E) 


-Ei 

i=0 


( r p + l)^ 2 V*/l|| c°’ e (M,E)i 


i=0 

where r p denotes the distance function to a fixed point p E M. 

• Let V be a smooth vector field on M. 

) k v + 2 (M,E):={hen p > 1 W k + 2 ’ p (M,E) \ heC k con (M,E) \ A v h E C k con (M, E)}, 

equipped with the norm 

IHI D*+ 2 {M,E) := W h \\c k on (M,E) + \\ A vh\\c k on (M,E)- 

D k v +2 ’ e (M,E):={heC k 0 + c 2 ’\M,E) \ heC k £(M,E) \ A v h € C k J n (M, E)}, 

equipped with the norm 


D'P 2 ’ 8 (M,E) : II^H Ccii(M,E) + 11 ^ V ^ 11 Ccon (M,E)' 
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• Let w : M —^ R + be a smooth function on M. 

Ccon,w(M, E) := w~ 1 C^£ l (M, E), 


endowed with the norm := \\wh\\ „k,e ,,, 

'~'con,w\M 

Similarly, we define 


:=«> 


-i 


L> 


fc+2,0 

V 


(M, E), 


endowed with the norm 


i D 


k+2,6 


( M,E) 


W h\\Dy +2 ’ 6 (M,E)' 


Remark 2.1. • It is not obvious that the spaces {M,E) are Banach spaces, a 

priori. 

• We point out that the spaces C k on{M,E) are not equal to the interpolation spaces 
(Cc<m(M, E),C k £ (M, £)) 0iOO . Indeed, one can identify these interpolation spaces as 
follows : 


(C k on (M,E),C k + 1 (M,E)) 6j00 = \he C k con (M,E ) | \(r 2 + l) k / 2 V k h 


- con,6 


< Too 


[H] con o '■= sup sup mm 

x£M y£i?(;c,£rp(£c))\{:E} 




where H is a tensor on M and 6 is a fixed positive constant depending on a lower 
bound of inf xG M mj(a;, 9)/ r p( x )> where inj(x', g) denotes the injectivity radius at x in 
M for the metric g. 


The weights w we consider are polynomial instead of being exponential in the distance as in 
|Siel3] , The main reason is that the convergence to the asymptotic cone is polynomial in the 
non negatively curved case whereas the convergence is exponential as soon as the asymptotic 
cone is Ricci flat : [Sie m and |Derl4a] , 

If (M n ,g, V/) is a non trivial expanding gradient Ricci soliton, we define 

v ■= f + n(g) + n/2. 

By proposition IA.21 v is a positive eigenfunction for the weighted laplacian A f associated 
to the eigenvalue 1. Moreover, if (M n ,g,X7f) is asymptotically conical, then /, hence v is 
equivalent to r 2 /A. From now on, v will play the role of the distance function r p , for some 
p G M. 

We study here the Fredholm properties of the weighted Lichnerowicz operator 

L 0 := A f + 2Rm(g)*, 

in weighted spaces D k t^(M, E) := D k t 2 ^ 9 f{M,E) for some positive a and some 6 G (0,1). 
For this purpose, it is convenient to consider the weighted Lichnerowicz operator defined by 

L a h := (A„_ 7 i n ^ — a + 2Rm(g) * +a(a + l)|Vlnv| 2 ) h, h G S 2 T*M. 

The reason for introducing such operator is given by the following formal relation : 

L a h = v a Lo(v~ a h), h G S 2 T*M. 
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Therefore, for h G S 2 T*M), L^h = LqHq G C^f n j a {M, S 2 T*M) if and only if 

L a h a G Ccon(M. S 2 T*M ) where h a := v a h. 

2.2. Solutions in D^j(M,E). The main aim of this section is to establish the existence of 
C 2,e solutions for families of weighted operators. We start with the following theorem that is 
an adaptation of l.iniilS in a Riemannian setting. 

Theorem 2.2. (Lunardi) Let ( M n ,g ) be a complete Riemannian manifold with positive in¬ 
jectivity radius. Let V be a smooth vector field on M. Assume that, for some large integer 
k > 1, there exists a constant K[k ) such that 

II RmlsO * V\\c k {M,E) + II R m (#)llc fc (M,.E) + l|VR||(7fc-l(M,E) < K(k), (7) 

where Rm(< 7 ) *V:= Rm(g)(h, ■, •). Assume there exists a smooth function cf> : M —> M such 

that 

lim0 = +oo, sup | A g (f\ + | Vy^>| < +oo. 

+oo M 

Then, 

• For any H G C°(M,E ) and A > 0, there exists a unique tensor h G Dy(M. E) and a 
positive constant C such that 

A v h - A h = H, \\h\\ D 2 v(M)E) < C '\\H\\ c o( M ^, 

Moreover, Dy(M,E) is continuously embedded in C 1,e (M, E) for any 6 G (0,1). 

• For any H G C 0,e (M,E), with 6 G (0,1), and A > 0, there exists a unique tensor 
h G C 2,e (M, E) and a constant C independent of FI such that 

Ayh — Xh = H, ||/l||c 2 > e (M,E) < C\\H\\ c o,e^ M)E y 

The proof is almost verbatim the proof of Lunardi |Lun98] . We only give the main steps 
in section 12.31 

The main application of theorem [272] concerns expanding gradient Ricci solitons (M n , g, V/) 
where V is cooked up with the help of the potential function /. 

Theorem 2.3. Let (M n , g,V f) be an expanding gradient Ricci soliton with bounded curvature 
and positive injectivity radius such that f is proper. Let a > 0. 

• There exists a positive constant C such that, for any H G C°(M,E), there exists a 
unique tensor h G Dy^{M,E) satisfying 

(A v -2alnv - OL)h = H, || h\\ D ^ (M,E) < C\\H\\c<>(M,E)- 

Moreover, Dy^(M,E) embeds continuously in C e {M,E ) := (M, E), for any 

9 G (0,2), i.e. there exists a positive constant C such that for any h G D^j(M,E), 

\\h\\c 9 (M,E) < 

• There exists a positive constant C such that, for any FI G C 0,9 (M, E), with 9 G (0,1), 
there exists a unique tensor h G C 2 -(M, E) satisfying 

(A v —2a lnu ~ ofjh = H , || ^||c 2 ’ e (M,.E) < C\\H\\c°’ e (M,E)- 
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Moreover, the operator Af : D 2 f a V f(M,E) —>• C'^ n j a {M, E) is an isomorphism of Banach 
spaces. 


Proof. It suffices to verify the assumptions of theorem 12.21 for V := Vu — 2aV lnu. 

First, by Shi’s estimates |Shi89] . the covariant derivatives of the curvature operator are 
bounded on M n . 

Secondly, by lemma IA.11 Rm(g)(V,-,-, ■) is bounded since the first covariant derivative 
of the curvature is bounded and one verifies easily that the covariant derivatives of V are 
bounded on M. 

Finally, define <f> := In v, by lemma lA.il together with proposition IA.21 


sup \A. g (j>\ = sup 


M 


M 


A„V .O 

—--VInn 2 


sup | Ay <f \ = sup | 1 — (2 a + l)|Vlnu 

M M 


< +oo 

< +oo. 


Now, A f is injective on Dj, a yf(M,E) and 


A fh = (v a Afv a )h a 

= (A v _ 2a \ nv - a + a(a + l)|Vlnn| 2 ) h a 
—. (A 1 ,_2alnu Ot) h a + E a h a , 
where h a := v a h and K a h a := a(a + l)|Vlnn| 2 h a . 

We claim that K a : D^{M,E) —> Ccon{M,E) is a compact operator for any 6 € (0,1). 
Indeed, let (. h n ) n be a bounded sequence in E). Then, since D\j°j (M, E) continuously 

embeds in C 2,9 (M, E), there exists a subsequence still denoted by (h n ) n converging to h S 
Dy d j(M,E) in the Cf oc (M,E )-topology by Ascoli’s theorem. Now, if e > 0 is given, as / is 
proper, there exists a compact K e C M such that, for k = 0,1, 

|V fc+1 lnn| 2 (x) < e, \/xeM\K e . 


Therefore, 


II K a{hn - h )\\c°f n (M,E) - W hn ~ h Wc\M,E) \\ K a Wc'{M\K e ,E\ M \ Ke ) 

+\\h n - ^llc 1 (A' e ,E|x e )ll-^“llc ,1 (M,E;) 

< Ce, 

for n large enough, i.e. ( h n ) n converges to h in the Ccon(M,E) topology. 

Hence, one deduces that Af is an injective Fredholm operator of index 0, i.e. an isomor¬ 
phism. 

□ 


Ultimately, we want to prove that for some positive a , L a is an isomorphism in case 
(M n ,< 7 , V/) is an expanding gradient Ricci soliton with positive curvature. Now, 

L a = v a o Af o v~ a + 2 Rrn(g) * 

— Ba T AT q , 

where L a is an isomorphism by corollary 12.31 We claim that K a : D^(M, E) —>• Ccon(M,E) 
is a compact operator if the curvature goes to 0 at infinity, for any 6 £ (0,1). Indeed, let 
( h n ) n be a bounded sequence in D^f(M,E). Then, there exists a subsequence still denoted 
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by ( h n ) n converging to h € D^(M, E) in the Cf oc (M,E) topology. Now, if e > 0 is given, 
there exists a compact K e C M such that, for k = 0,1, 

|V fc Rm(#)(x)| < e, Vx € M \ K e , 

since by local Shi’s estimates (see [ I Derl4aj for a proof on expanders), lim +00 V k Rrn(g) = 0 if 
lim +00 Rrn(g) = 0. Therefore, 

II K a(K - h)\\ c W n (M,E) - W hn ~ h \\c 1 (M,E) \\ ^a\\ C 1 (M\K e ,E\ M \ Ke ) 

+ \\hn ~ ^llc 1 (A4,E|xjll-^"Hc ,1 (M,S) 

< Ce, 

for n large enough, i.e. (h n ) n converges to h in the CrJn(M, E) topology. 

In particular, L a is an isomorphism if and only if it is injective since it is a compact 
perturbation of an isomorphism (i.e. an injective Fredholm operator of index 0). Moreover, 
by construction, L a is injective if and only if Lq is. We are able to prove the following in the 
particular case E = S 2 T*M : 

Corollary 2.4. Let (M n , g, V/) be an expanding gradient Ricci soliton with positive curvature 
operator and such that the curvature goes to zero at infinity. 

Then, for any a > 0, L a is an isomorphism or equally, 

L 0 : D 2 fiay f (M, S 2 T*M) -a C° c f nJa (M, S 2 T*M) 

is an isomorphism. 

Proof. As we noticed before, it suffices to prove that Lq is injective on D 2 ’® v y(M, S 2 T*M). 
This is achieved with the help of the maximum principle for symmetric 2-tensors due to 
Hamilton |Ham86] adapted by Brendle in |Brel3] in the case of Ricci solitons. This has been 
already used in that setting in }Derl4bj . We sketch the argument here for the convenience 
of the reader. Let ft be a symmetric 2-tensor such that A fh + 2Rm(<7) * h = 0. The crucial 
observation is that Ty/5 satisfies also A f J^jf(g) + 2Rm(g) g = 0 and that it is positive 

definite in case of nonnegative Ricci curvature. Then, one uses Lyjg as a barrier tensor to 
prove that for any height t large enough, 

sup \h\ < C sup \h\, 
f<t f=t 

for a positive constant C independent of t. Hence the result since h tends to zero at infinity. 

□ 

2.3. Proof of Theorem 12.21 From now on, let ( M n ,g ) be a complete Riemannian manifold 
satisfying the assumptions of theorem 12.21 

2.3.1. Uniqueness. 

Proposition 2.5. Let A be a positive real number and h € fl p >i Wff^ (M, E) be a bounded 
tensor such that A yh — Xh = 0. Then h = 0. 

Proof. First of all, by elliptic regularity, h is smooth. Consider the mollified norm of h : 
h e := \/\h\ 2 + e 2 , for e > 0. Then, 

A vK - A h e = (< h, A v h > -A hi + |V/i| 2 - 

h e \ 4 hf 

> —Ae. 
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Now, if h Cy k '■= h e — 4>/k for k > 1, then lim^+oo sup M h e ^ = sup M h e and since f is an 
exhaustion function, swp M = ^e,k( x k) for some Xk G M. Without loss of generality, cf can 
be assumed to be nonnegative. As h e ^ satisfies 

A v h £ ,k ~ A/i £)fe > -Ae - kT 1 sup(Ay^), 

M 

one has, when evaluating the previous differential inequality at Xk, 

A sup h e> k < Ae + k~ l sup(Ay</>). 

M ’ M 

By letting k go to +oo, we have Asup M h e < Ae. 

By letting e go to 0, we get Asup M \h\ < 0. 

□ 


2.3.2. A priori estimates. As in |Lun98] . one needs to solve the Cauchy problem associated to 
Ay first. For that purpose, the main step is to find a priori estimates on covariant derivatives 
of the solution to the Cauchy problem up to order 3. More precisely, 

Theorem 2.6. Let ho G C°(M,E ) and let (h(t, -))te[o,T) be a bounded smooth classical solu¬ 
tion of the Cauchy problem with initial condition ho- Assume that, for some integer k > 1. 
there exists a constant K(k ) such that 

II Rm(s) * V\\c k (M,E) + II R' m (5)llc fc (M,£) + l|VV||A K(k), (8) 

where Rm(g) *V:= Rm(g)(V, •, •). 


Then, for any T > 0, there exists C = C(n, A, k, T) such that 

k 






(aty 


IV 


‘h(t)\C°(M,E) — C\ho\cO(M,E)- 


i=1 


Moreover, if (M n , g,\7 f) is an expanding gradient Ricci soliton, and V := V/, then, if 
E = MxR, 

\ u (f)\c°(M) + a ^\^ u (^)\c°(M) — t e \ u o\c°{M)i 
for any positive time t and any positive a. 


Proof of theorem 12.61 The proof consists in deriving the evolution equation satisfied by 

s(t,x) := \h\ 2 (t,x) + ^2^-\V l h\ 2 (t,x), 

2—1 

where a is to be defined later. Then, one applies the maximum principle to finish the proof. 
The computation is lengthy and similar to [Lun98] . Nonetheless, it seems that this com¬ 
putation gives new results in the case of an expanding gradient Ricci soliton for functions 
(E = M xR) that are interesting in their own right. 
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On one hand, 


dt,s = 2 < h, Ayh >+a'^2(aty 1 |V*/?.|" 


i= 1 


+2 i^L < V*(Ay/i), V*/i > . 




On the other hand, 


Ays = 2|V/i| 2 + 2^^-\y i+1 h\ 


i=1 


i= 1 


+2 < A v h,h > +2V^ < A v (V’/t),V*/i > 

' i 


Therefore, if k > 2, 


c^s — Ays 


(a - 2)|V/i.| 2 + X ( a ~ MiV ,:+1 /r| 2 - ^L\V k+1 h\ 2 

i= 1 ' *' 

+2 Ml < [V®, Ay]/l, V*/l > . 

2=1 


If k = 1, then, 

dt-s — Ays = (a — 2)|V/?,| 2 — 2(crf)|V 2 /i| 2 + 2crf < [V, Ay]h, Vh > . 

It remains to identify the commutators [V fc , A y]h for k > 1. In general, one can prove by 
induction on k that 


k 

[V fc , A] h = ^2v j h*V k ~ j Rm(g), 

3=0 


and 


k -1 

[V fc , Vy]/i = X ^ k ~ j V * V j+1 /i + V fc_1_J (Rm(<?) * F) * V J 7i, 
j=o 


where Rm(§) *V := Rm( 5 )(V r , •). 

In particular, by assumptions made on the vector field and the curvature operator, one has, 
for any i € {1,..., k}, 

i 

|[V i ,Ay]/i| < C^\V s h\. 

3=0 
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Therefore, if k > 2 and if a < ri-j-, then 




d t s-A v s < c££W-|V^|(at)V|VV»| 
i=l J=0 

< C(a,k,T)s, 


for t e (0, T], 


Again, if k = 1, and if E = M xl, one has the more precise estimates : 

[V, A v ]u = - Ric (g)(Vu) + VVfcVfcit, 

where u is a smooth function on M n . In particular, if (M n ,g, V/) is an expanding gradient 
Ricci soliton and if V = V/ then, 

dts — AfS = (a — 2 + crf)|Vu| 2 — 2(cet)| V 2 u| 2 , 

where s := u 2 + crf|Vu| 2 . Therefore, 

dts — Ay/s < (a — 2 + at)\\7u\ 2 


if a = 2. 

The estimates follow by applying the maximum principle in a similar way we did in the 
proof of proposition 12.51 together with the fact from the theory of parabolic equations that 
lim^o t k / 2 V k h(t, x) = 0 for x € M n and k > 1. 

□ 


2.3.3. The Cauchy problem. The second step consists in solving the Cauchy problem : 

Theorem 2.7 (Lunardi). For any ho £ C°(M,E), there exists a unique bounded classical 
solution h(t ) to the Cauchy problem 

{ dth = Ayh on M n x ( 0,+oo), 

/i(0, x) = ho(x), x € M n . 

Sketch of proof of theorem \2.1\ Uniqueness follows as in proposition 12.51 

Indeed, let (/i(i))te[o,T] be a smooth bounded solution to the Cauchy problem. Then, by 
applying the maximum principle to h e (t) — (j>/k, where k is a positive integer and where 
h e (t) is the mollified norm of h(t) defined in the proof of proposition 12.51 one shows that 
sup M x[o,T] \h(t)\< sup M \ho\. 

Concerning the existence, this is done by approximating the Cauchy problem by standard 
ones, i.e. with second order differential operators with bounded coefficients. Indeed, let k be 
a positive integer, let F be a smooth exhaustion function on M such that 

F(x) < c(r p (x ) + 1), Vx € M, |VF| + |V 2 F| < c, 

for some point p £ M and some positive constant c. The existence of such function uses only 
the boundedness of the curvature and is ensured by theorem 3.6 of [ Shi97 ], In the case of a 
Ricci expander, the square root of v would be a perfect candidate as soon as / is proper. 






SMOOTHING OUT POSITIVELY CURVED METRIC CONES BY RICCI EXPANDERS 


15 


Now, let ij) : —>• M + be a smooth function such that i/j(x) = lifO<x<l and = 0 
if x > 2. Then consider ip k (x) '■= ^{F{x)/k) and define a smooth vector field 14 on M by 
14 := "(/41T By construction, the vector field 14 is bounded on M and its derivatives are 
bounded uniformly in k. The sequence (144 converges uniformly on compact sets to V as k 
tends to +oo. Therefore, by the theory of parabolic equations with bounded coefficients, the 
Cauchy problem 


{ d t h k = A Vk hk on M x (0, +oo), 
h k (0,x) = h 0 (x), x€M, 

has a unique classical bounded solution (h k (t)) tG ^ 0 +oo y One can apply the a priori esti¬ 
mates from theorem 12.61 to bound the covariant derivatives of the sequence ( h k (t)) k indepen¬ 
dently of k by invoking the maximum principle with the help of the exhaustion function cj) 
and by using the assumptions sup M |A 9 0| + |Vy^!>| < +oo : 

sup |Vy fc </>| < sup|Vy(/>| < +oo. 

M M 

Then, one shows that the sequence {h k (t)) te r 0 ,+oo) ^ equicontinuous on compact sets of 
[0, +oo) x M by the same arguments used in |Lun98] in order to solve the initial Cauchy 
problem. 

□ 


To sum it up, we are able to define a semigroup of linear operators T(t) in by 

(T(t)ho)(x) := h(t, x), t> 0, x E M, ho^C°(M,E), 

where {h(t)) te ( o,+oo) is the unique solution to the Cauchy problem given by theorem 12.71 By 
the semigroup law and a priori estimates given by theorem 12.61 applied to T = 1, one gets, 

Ce ut 

II^WIIJf(C°(M,E),C fc (M,E)) A k / 2 , ke {1,2,3}, 

\\T(t)\\£>(c 3 (M,E)) A Ce ut , t > 0, 

for some real number uj and some constant C time independent. In order to get Schauder 
estimates, we need to recall several facts about real interpolation on Banach spaces. The 
notations and the presentation are taken from the notes |Lun09] . 

If y d X are two Banach spaces, then one defines the interpolation space (X , Y)q qo for 
0€(O,l)by 

(X,Y)e,oo ■= {h e X I \\h\\ 0tOO := sup t~ e K{t,h,X,Y) <+oo}, 

te(o,i) 

where 


K(t,h,X,Y) := ini{\\a\\x + t\\b\\Y \ h = a + b, (a,b)G:XxY}. 

One can check that (X, Y)g t00 is a Banach space. In fact, we are able to identify this 
interpolation space with classical Holder spaces in our setting. We believe that the following 
proposition is well-known but, in order to keep this paper as self-contained as possible, we 
provide a proof of it. 
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Proposition 2.8. Let ( M,g ) be a complete Riemannian manifold with bounded curvature, 
bounded covariant derivatives of the curvature operator and positive injectivity radius. Then 
the following holds. 

(1) For 9 € (0,1), and k € N, 

0 C k (M,E),C k+1 (M,E))o i00 = C k ’ e (M,E). (9) 

(2) Let 0 < 6\ < 02 < 1, 0 < 9 < 1. Then, if (1 — 9)9\ + 99 2 is not an integer, 

(C dl (M, E), C 02 (M, E))g t00 = C {1 ~ d)6l+ee2 {M,E), 
where C e {M,E) := 


Proof of proposition \2.£\ • We only prove (C 0 (M,E),C l (M,E))g )OO = C 0,e (M,E). 

The proof for an arbitrary nonnegative integer k is similar. 

Concerning the first inclusion, let h € E),C 1 (M, E))g :00 . Then, 

\\h\\ c °(M,E) < K(l,h,C°(M,E),C\M,E)) < \\h\\g t00 . 

Moreover, for a decomposition h = a + 6, with a € C°(M, E) and b € C 1 (M, E), 

I h(x)-h(y)\ < \a(x) - a(y)\ + \b(x) - b(y)\ 

< 2||a||co(M,£;) + \\b\\c 1 (M,E)d g {x,y), 

for any x, y € M. By taking the inhmum over such decompositions of h, one gets, 
\h(x)-h(y)\ < 2K(d g (x,y)/2,h,C°(M,E),C\M,E)) 

< 2 l ~ e d g (x,y) ,, \\h\\e )00 . 

To prove the converse inclusion, in the Euclidean case M n = M n , one usually 
considers the convolution of h by a compactly supported function. In general, this 
procedure is meaningful at small scales only. Then, the proof consists in building a 
suitable partition of unity in order to patch these local convolutions. 

More precisely, we will use the following lemma due to Cheeger and Gromov 
|CC85h| : 

Lemma 2.9 (Cheeger-Gromov). Let ( M n ,g ) be a complete Riemmannian manifold 
with Ric(g) > —g. Fix po > 0 and A > 1. Then, for all 0 < p < po, there is a covering 
of M n by sets U\,..., Un such that 

— Each Ui is a union of disjoint metric balls of radius p, and the distance between 
the centers of each pair of balls is at least 2\p. 

- N < N(n, po, A). 

The next crucial observation that goes back to Gromov |Gro07] is that one only 
needs the exponential map (of some point) to be a local diffeomorphism in order to 
perform a local convolution. This works well in case of bounded curvature. Indeed, 
by standard comparison estimates [Chap. 6, [Pet,06 1]. if the sectional curvature K g is 
less than a constant K then the exponential map of a point p is non singular on the 
open ball B(0 p ,tt/2\/1{), where 0 P E T p AL. From now on, assume (by rescaling the 
metric) that Ric(g) > —g and let U \, ..., Un be a covering of M n given bv 12.91 with 









SMOOTHING OUT POSITIVELY CURVED METRIC CONES BY RICCI EXPANDERS 


17 


p < po positive small enough so that the exponential maps of the centers (xj)j of the 
balls of the covering (Uj)i<j<N are non singular. 

By lemma 5.3 in (CG85aj . we can regularize the distance functions to the points 
(xi)i by a convolution dehned on B(xi,po) by 


fi,s( x ) 



d g (xi,exp x (v))x 



dp(v), 


where dp is the Lebesgue measure induced on T X M by the metric g, where x is a 
nonnegative smooth cut-off function of unit mass, i.e. f Rn % = 1 and where 5 is a 
positive parameter small enough to be defined later. One can show that 


I fi,s(') ~ d g (xi,-)\ <CS, \V l fi t5 \<c(n,k 0 )5 1 l , 


for l > 1, where ko is a bound on the curvature and its covariant derivatives up to a 
certain order depending on l and C is a positive constant independent of 5. Choose 5 
proportional to p such that 


{fi,s < p} C B g (xi,2p). 


Let ip : M+ —> be a smooth function such that ip = 1 on [0,1] and ip = 0 on 

[2,+oo). Then define 


<Pi,p( x ) '■= V’ 


2 fi,s( x ) 


so that supp^i iP C Bg{xi,2p). By construction, the sum i s well-defined, and 

Si <Pi,p > 1- 

We get a partition of unity (< Pi tP )i for the covering {B g {xi,2p))i with A = 3 as in 
lemma 12.91 by considering 


0i,p • — 



Si ^i,P 


We are now in a position to prove the converse inclusion. The proof mimics the 
proof in the Euclidean case (e.g. [ LunOQj h Define, for p < po, and h E C e (M,E), 


b p := ^ <!>i,pK x i)i a p := h- b p . 

i 


By construction, one checks that 


a p(x) I 


< 'Yh ( t>i,p{ x )\K x i) - K x )\ 

i 

i 

< (2p) e \\h\\c e (M,E)i 

< \\h\\c°(M,E) < \\h\\c e (M,E) 

< Yl^^p\\H x i) - H x )\ 

i 

< Cp 9 1 ||/l||c e (M,E)) 


\\b p \\c°(M,E) 

|V6 P (x)| 
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where C = C(N ) with N as in lemma [2791 Therefore, 

P e K(p,h,C°(M,E),C 1 (M,E)) < p d (\\a p \\ c cp M ' E ' ) + p\\bp\\ c i(M,E)) 

< C\\h\\ c e( M)E p 

i.e. he {C 0 (M,E),C 1 (M,E))g !OO . 

• Again, we only prove E),C 2 (M, E))g jOQ = C 2e (M,E), if 26 < 1. The other 

cases can be proved similarly. The main ingredient of the proof is the Reiteration 
theorem (e.g. |Lun09| l. 

We need to recall two definitions first. 


Let X, Y, E be Banach spaces such that Y C E C X. Let 6 e [0,1]. 


— a Banach space E belongs to the class Jg (X, Y) if there exists a positive constant 
c such that ||y|| E < c||y||^ 0 ||y||y, for any y e Y. 


— a Banach space E belongs to the class Kg(X : Y) if there exists a positive constant 
c such that t.~ e K(t,x,X,Y) < c||a;||^, for any x £ E and t £ (0,1). 

Claim 1 . C' 1 (M, E) £ J 1/2 (C°(M, E),C 2 (M, E)) n K 1/2 (C°(M, E),C 2 (M, E)). 


Proof of claim{J\ The proof of C' 1 (M, E) £ Ji/ 2 (C 0 (M, E), C 2 (M, E)) is standard. 
We reproduce it for the convenience of the reader. It is adapted from [Lun09j • It 
suffices to prove it for functions on M. Let T be a function on M belonging to 
C 2 (M,M) := C 2 (M,E) where E = M X R. Let x £ M, v £ T X M a vector of unit 
length and 7 be a geodesic such that 7 ( 0 ) = x and 7 , ( 0 ) = v. Then, for any positive 

t, 

~ T (x)~ < YT(x),v >t\< ^|V 2 T| c o (M)R) f 2 . 

Hence, 


. , . . 1,, ,, 2p’|| c o (MiR ) 

| < VT(x),v > | < -\\T\\ C 2 ( MtR )t H---, 

for any positive t. By minimizing the right hand side of the previous inequality on t, 
one gets 


| < VT(x),v > | < C11T11II^~'IIc 0 (m,r)■ 

Let us prove C\M,E) £ K 1/2 (C°(M,E),C 2 (M,E)). With the same notations 
as before, consider the decomposition : h = a p + b p . Then, by construction of the 


partition of unity, one checks that 



\\ a p\\c°(M,E) 

< 

( 2 p )\\h IcRAf.B)! 

IP CRM, E) 

< 

C\\h\\ C i(M,E)i 

l^ 2 p \\c°(M,E) 

< 

C'P~ l \\h CRM.E) 
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hence the claim since 
p- 1 / 2 K(p,h,C°(M,E),C 2 (M,E)) 


< P (\\ a pi/2\\c°(M,E) + PllV /2 Hc 2 (Af> E )) 

< C , |l^llc' 1 (M,E)- 


□ 


Now, if 26 < 1, by applying the Reiteration theorem to E\ := C°(M,E ) € 
J 0 (C 0 {M,E),C 2 (M,E))nK 0 (C 0 (M,E),C 2 (M,E)) and to E 2 := C' 1 (M, E), we get 

(i?l, £'2)20,00 = E), C 2 (M, £))(1_20)XO+20X1/2,OO5 

that is, 

(C°(M,£),C 2 (M,£)) 0iOO = C 2e {M,E), 
by the previous results. 

□ 


Therefore, by the interpolation theorem and proposition 12.81 we get the 


Corollary 2.10. With the previous notations, 


Ce ut 

\\ T ( t )\\^’(C e (M,E),C°‘(M,E)) < a -e > 

t 2 


0 < 6> < a < 3, 


where C is a time independent positive constant (depending on 6 and a). 


2.3.4. End of the proof of theorem, in.HI As noticed in |Lun98j . the semigroup T(t) is not 
necessarily strongly continuous on C°(M,E). Nevertheless, one can manage to make sense of 
a realization of the operator Ay in C°(M,E). Indeed, for any A > 0, consider the operator 

POO 

(R(X)h)(x) := / e~ xt (T(t)h)(x)dt, x € M. 

Jo 

This is well-defined since ||T(t)/i||c°(M,E) A \\h\\c°(M,E) for any positive time t. Moreover, 

||.R(A) HjJf (C°(M,E)) < y 

Since ( T(t))t is a semigroup, R(-) satisfies the first resolvent identity, i.e. for any positive 
A, /x, R( A) — R(p) = (// — A)ii(A) o R(p). Finally, as R(X)(h)(x) is the Laplace transform of 
the tensor t —>• T(t)(h)(x), R( A) is injective. Therefore, there exists a closed operator 

A : D(A) -A C°(M, £), £>(A) = Range(£(A)), A > 0, 

such that R( A) is the resolvent of A, i.e. R( A) = £(A, A). As in proposition 4.1 of | Lun9§) . 
one identifies £(A) : 


Proposition 2.11 (Lunardi). 

D(A) = {he n p >iW^(M, E) n C°(M, E) : A v h € C°(M, £)} =: D 2 V {M , £), 

A/i = Ayh, V/i € £(A). 

Moreover, for any 6 € (0,2), f/iere is some positive constant C such that 
\\h\\c°(M,E ) < C'II^IIcw ) II^IId( 2 4)> e £>(A), 
w/iere ||/t||i)(A) : = IHIc°(m,.e) + ll^llc°(M,E)- 
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We are now in a position to finish the proof of theorem 12.21 Let H £ C e (M, E) and A > 0. 
Then, 



e~ xt (T(t)H)(x)dt, 


x £ M, 


is well-defined, h £ D(A ) and satisfies Xh—Ayh = H . It remains to show that h £ C 2 ’ e (M, E). 
First, h £ C e (M,E ) by proposition 12.111 since for any h £ D(A ), 

\\h\\c e (M,E) ^ ^\\^\\c 0 (M,E)^Wd(A)^ 

C 

- x i-g/2\\ H Wc°(M,E)- 

Now, if u £ M is as in corollary 12.101 let p > oj. Then h satisfies ph — Ayh = H + (r]—X)h =: 
H , with 


\H\\c»(M,E) < ( 1 + 


c\v-x\ 

A 1 - 0 / 2 


\H\\c e (M,E)- 


As ?? > w > 0, one can represent h in terms of H as well : 

roo 

h(x) = / e~ pt (T(t)H)(x)dt. 

Jo 

According to proposition ^. 81 it suffices to prove that h £ ( C a (M , E), C 2,a (M, E))i_^ a _gy 2 ,oo 
for any a £ ( 6 ,1). As in [ Lun98] . one considers the following decomposition of h, 

rp 

h = a p + b p , a p (x) := / e~ T,t (T(t)H)(x)dt, x £ M, p > 0. 

Jo 

Again, by corollary 12. 101 one estimates 

\\ a p\\c a (M,E) < Cp 1 (q e)/2 \\H\\ c e {M ' E) , 

\\bp\\c 2 ’ a {M,E) < 0 ' l ^ll^llc s (M,E)' 

Hence, h £ C 2,e (M, E) and \\h\\ c i,e ^ M>E \ < C\\H\\ c o,e^ M ^ E \ with C independent of h. 


2.4. Solutions in D^f"’ (M.E). We now study the realization of the weighted laplacian in 
function spaces with higher regularity. We begin with a uniqueness statement about subso- 
lutions of weighted elliptic equations with controlled growth at infinity : 


Proposition 2.12. Let (M n , g,X7 f) be an expanding gradient Ricci soliton such that f is 
proper. Let u : M n -A R be a Cf oc function such that 

A v ~ 1 \riv u — cm > 0 , u = 0(v^), 

where a, /3 are real numbers such that min{l,a} > /3(> 0 ) and where 7 is any real number. 
Then, sup M n u < 0. 


Proof. Let k be a positive integer and let e be a positive number such that (3 + e < min{l, a}. 
Then, 


^v—'ylnv ( ^ 


,,/3+e 


> au — a 


> a u — 


^7_C(fte, 7 ) v+ . 


/ ,AH\_C(ft e . 7 ) n v+ , 

\ k ) k 


( 10 ) 

( 11 ) 
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On the other hand, by the very choice of e and as /, hence v, is proper, 


lim sup ( u — 


+OO 


,jf3+ e 


= —oo, 


for any positive integer k. Let Xk EM be a point such that 


sup ( u 
M 


y/3+e 

~k~ 


= \ u- 


,jP+ e 

~k~ 


(x k ). 


Then, according to the maximum principle applied to (u — v^ +e /k^j, inequality dill) gives 

(x k ) < C>(/3 ; 6,7) |VlnulV +e (x fc ). 


a \ u — 


k 


k 


Now, |Vlnu| z < v 1 , therefore, as (3 + e < 1, 


sup ( u 
M 


^/3+e 

~k~ 


= \u - 


~k~ 


(x k ) < 


CW,e, 7 ) 

ak 


which means that if k tends to zero, sup jM n u < 0. 


□ 


As a straightforward application of proposition 12.121 we get 

Corollary 2.13. Let (M n , g, V/) be an expanding gradient Ricci soliton such that f is proper. 
Let T be a tensor such that T E n p >i Wf^[M, E) and such that 

A„_ 7 in V T - olT = 0 , T = 0{v^), 

where a, j3 are real numbers such that min{l,a} > j3(> 0 ) and where 7 is any real number. 
Then, T = 0. 

We are now in a position to state the main result of this section : 

Theorem 2.14. Let (M n ,g, V/) be an asymptotically conical expanding gradient Ricci soli¬ 
ton. Let H E Ccon(M, E), k > 1, then there exists a unique h E D^ 2 ' 9 (M, E) such that 

A t) _ 2 aini ,h — ah = H, a € ( 1 / 2 , + 00 ), 0 € [ 0 , 1 ). 

Moreover, the following holds. 

• There exists a positive constant C (independent of H) such that 

Ill'll D^ + f 2 ' e (M,E) — C\\H\\c^{M,Ey 

i.e. the operator 

& v -2ainv - a : D k + 2 ' e (M,E) -A CW{M,E), 

is an isomorphism of Banach spaces. 

• For 9 E (0,1), the space 

E) := {h E E) | E E), Vi = 0,..., fc} 


embeds continuously in D^j 2 (M. E). 
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• There exists a positive constant C such that, for 6 E (0,1), 

Ill’ll <tf k ’ 2 > e (M,E) ^ Cll^ll Cco®(M,E)’ 

where, 

tf k '’ 2 ’ 9 (M,E) := { h£C k 0 + c 2 ’ 9 (M,E) \ v i ^ 2 'V i h E C 2,9 (M, E), Vi = 0,...,fc} 


Proof. Uniqueness comes from theorem 12.31 We will prove theorem 12.141 bv induction on k. 
We can start the induction with the case k = 0 : this is exactly the content of theorem 
12.31 without any restriction on a. Let fc be a positive integer and let H E C k oh(M,E). 
In particular, H E C k f~n(M,E) and there exists a solution h E (M, E) such that 

A. v - 2 a\nvh — ah = H. Moreover, there exists a positive constant C such that 


\<gk-v,i ,B(M,E) 


<C\\h\\ 


In particular, we get 


1 C*on(M,E)’ 

(12) 

9,2 \\h \\ l - e/2 

Dl+ k -\M,E) " n "C*^-(M,Ey 

(13) 

~ C W H W C k on(M,EY 

(14) 


We claim that h E D^ 2 ’ 9 (M, E). 

First of all, as H E C k f c (M,E ), h E C k + 2 ’ 6 (M,E) by elliptic regularity. We now consider 
hi := r// 2 V*/?. for i = 0,..., k. 

We compute the evolution of h k as follows : 


k-l 

A v -(2 a+ k)invhk - oth k = (Rm (g) + |Vlnu| 2 ) *h k + H k + ^^V^Rm(5) * hi, 

i=0 

where H k := v k ^ 2 V k H. Now, thanks to estimates (fl2l) and (H4l) together with the fact that 
(M n , g,X7 f) is asymptotically conical, the righthand side of the previous equation can be 
bounded by 

k-l 

||(Rm(g) + |Vlnu| 2 ) * hk\\co,e(M,E) + II H k + ^2 v 2 V fc *Rm(j) * ^i||<70- fl (Af,B) 

i=0 

- C \\ H \\c*i e n {M,Ey 

Therefore, by theorem 12.31 there exists a solution h k E ^(M,E) to 


k-l 

A v-( 2 a+k)invhk ~ oth k = (Rm(g) + |Vlnu| 2 ) * h k + H k + ^2 Rm (g) * hi, 

i=0 

\\hk\\c 2 ’ e (M,E) A C'll-H’H Cci e n (M,Ey ^ ^ € (0, 1). 

On the other hand, the difference T := h k — h k satisfies 


T E r\ p >iWi^(M,E) ; A IJ _ (2a+fc) lni ,T — aT = 0 ; T = O^ 2 ). 
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Corollary 12.131 ensures that T = 0 since 1/2 < min{a, 1}. In particular, if 8 E (0,1), hk € 
D^ e f (M,E) and 

II h k\\cW{M,E) < C \\ H \\ C c fe ’«(M,E)' 


□ 


Here is a straightforward application of theorem 12.141 : 

Corollary 2.15. Let (M n , g,\7 f) be an asymptotically conical expanding gradient Ricci soli- 
ton. 

Then, for any a € (1/2, +oo) and any 8 € [0,1), 

A f : D k +% e f (M, S 2 T*M ) -A C k J nJa {M, S 2 T*M), 

is an isomorphism. 

We state the analogue of corollary 12.41 with higher regularity. 


Corollary 2.16. Let (M n , < 7 , V /) be an asymptotically conical expanding gradient Ricci soh- 
ton with positive curvature operator. 

Then, for any a € (1/2, + 00 ) and any 8 € [0,1), 

Lo : D)t% d f {M,S 2 T*M ) -A C^ Ja (M, S 2 T*M), 

is an isomorphism. 


Remark 2.17. We stated theorem 2. If and corolla ries \2. 1 51 a,nd, \2. 1 f>\ in the setting of asymp¬ 
totically conical expanders. An inspection of the proof shows actually that one only needs the 
finiteness of the invariants (Ag(Rm(g)))o<i<fc+i, where k is a positive integer, introduced in 
[Derl4aj . Recall that : 


Ag(Rm(g 1 )) := lirnsup r 2+t \ V* Rm(g)|. 


+ OO 


These invariants quantify the regularity of the convergence of the expander to its asymptotic 
cone as shown in |Derl4a] . 


2.5. Deformations of expanders : the Banach version. Let (M n , gy, V°/o) be a fixed 
expanding gradient Ricci soliton asymptotical to ( C(X),dr 2 + r 2 70 , rd T / 2). Denote by M s := 
{/ = s} the level set of the potential function. Let cj) be the following diffeomorphism 
introduced in [Derl4a| : 


cj) : (t 0 , + 00 ) x M t 2/4 =: (t 0 , + 00 ) x X -A M >t y 4 

(t,x) -A ), 

4 4 

for to large enough, where (4>t)t is the Morse flow associated to the potential function /, i.e. 

Vf 

d ^t = ^ 2 - 

Let 8 € (0,1). De f ine Wlet k ’ 9 (X) to be the convex cone of metrics on X in C k,s (X, S 2 T*X) 
and let B k,e \ 70) be the open unit ball centered at 70 in C k ' d (X, S 2 T*X). Next, we define 
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a first approximation as in Lee (Leeflfij (and other related works on Einstein conformally 
compact manifolds previously mentioned) 

B k ' e ( 70 ) c met k ’ e (X) ^ D7tet k,e (M) n {g 0 + C^(M, S 2 T*M)} 

7 1 —> 5o + V’( 4 /)0*(7-7o), 

where ^ is a smooth function on M such that if = 1 on M \ {/ < 2(tg/4)} and zero on 
{/ < tg/4}. T * s an a ffi ne map hence smooth and by its very definition, (M ra ,T( 7 ),^) is 
asymptotically conical to ( C(X),dr 2 + r 2 7 ,o). Moreover, T( 70 ) = go. 

Define the quadratic map 

Q(d 2 ,gi) ■= — 2Ric(g 2 ) - 52 + ^ 792 / 0 ( 32 ) + .^( 32 , 31 ,/o)( 52 ), (15) 

V(92,gi,fo) '■= div gi; / 0 (ff 2 ~ ffi) ~ V trgl ^ g2 —— (16) 

= div 90 ( ff2 - 51 ) + V^ 0 90/o (52 - Si) - V trgi ^ g2 ——. (17) 

Theorem 2.18. Let (M n , go, V 90 /o) 6 e an asymptotically conical expanding gradient Ricci 
soliton with positive curvature operator. 

Then, for any a € (1/2,1], and any nonnegative integer k, the map 

B k+2 ’ 9 ( 7o ) x (17(0) C D k f t% d f {M,S 2 T*M )) ^7 R fc+2 ’ e ( 7o ) x C k J nfa {M,S 2 T*M) 

( 7 > h) —► (7, Q(T(p/) + h, T( 7 ))) 

is well-defined provided U( 0) is a neighborhood of 0 sufficiently small in D k t 2 ^f{M,S 2 T*M). 
Moreover, is a local diffeomorphism at ( 70 ,0). 

In particular, if k > 1, for any deformation 7 € 9Jtet fc+ 2 , 0 (X) close enough to 70 , f/iere 
exists an expanding Ricci soliton with positive curvature operator whose asymptotic cone is 
(C(X), dr 2 + r 2 7 , o). 


Remark 2.19. • As noticed in remark \2. 1 1\ theorem \ 2. 1S\ could have been stated with 

much less regularity at infinity : we only need the finiteness of a finite number of 
invariants (A(,(Rm(g)))j to perform the analysis. 

• The reason why we need k > 1 to ensure that the curvature of the implicit expander is 
positive comes from the radial curvature of an expanding gradient Ricci soliton given 
in term of the divergence of the curvature operator. 

• By choosing 71 close enough to 70 in C k,e (X, S 2 T*X) but not in C k+1,e (X, S 2 T*X), 
this proves the existence of Ricci expanders that are NO T smoothly asymptotic to their 
asymptotic cone. In particular, this shows that the finiteness of some of the asymptotic 
curvature ratios A/(Rm(g)) does not imply the finiteness of all of them, i.e. there are 
no Shi’s estimates for the rescaled curvature in general (unless the solution is ancient). 
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• In the course of the proof of theorem \2J2% we prove more by establishing some tame 
estimates for the map < 1 > Q , that will be useful for section 0 


Before giving the proof of theorem 12.181 we actually need two technical lemmata : 
Lemma 2.20. Let ( M,g ) be a Riemannian manifold, let f be a smooth function and let h be 


a symmetric 2-tensor such that g + h is metric. Then, for s € [0,1], 

D g+S h{— 2 Ric)(/t) = A g+s hh + 2 Rrn (g + sh) * h — Sym(Ric(<? + sh) <g> h) (18) 

+V 2, g+Sh tlh _ <? dlVg+shh ( g + sh ). ( 19 ) 

D 2 +sh (-2Ric)(h,h) = (,g + sh)- 2 *V 9+sh ’ 2 h*h + {g + sh)- 2 *(V 9+sh h)* 2 . (20) 

Q{g + h,g ) = Q{g,g) + Agjh, + 2Rm(g) *h + ^Sym(Q(g,g) ®h) ( 21 ) 

+ Afdiv 9 h-V9tr 9 h/2(^) + L£h* 2 *V 9 f(g+ h ), ( 22 ) 

+ / (! - s)D 2 g+sh (-2Ric)(h,h)ds, (23) 

J o 


where (2Rm(g) *h)ij := 2 Rm(g)ikijhki. Moreover, if (M n , < 7 , V/) is an expanding gradient 
Ricci soliton, 

Q(g + h,g + h) = A g jh + 2Rm(g) * h - ^ diVgh _ V9trg h/2 (g) 

+ [ {^~s)D 2 +sh (—2Ric)(h,h)ds-\-^T- V g+hf_^/ g f(g + h), 

Jo 

Proof. The first and second variation of the Ricci curvature are standard and can be found 
in [Chap.2, [ULN06]]. 

Concerning the variation of Q : 


Q{g + h,g) 


- 2 Ric(g + h) — (g + h) + Afy g+hf(g + h) + JZdiv g j h-s/s tr g h/i{g + h) 

-2Ric (g) - g + ATs79f{g) + {-“JDg Ric(h)) - h 

+ L?V9f{h) -h Jfdi Vg h-V9tr g h/2(g) 

+ [ (1 ~ s)(~2D 2 +sh )Ric(h,h)ds+ J? diVgh - Vatlgh/2 (h) 

Jo 

+ Jfh* 2 *v9/(g + h), 


since V 9+h f - V 9 / + /i(V 9 /) = h* 2 * V 9 /. 

Now, using the first variation of the Ricci curvature, 


Q(g + h,g) = Q(g,g) + Ag t fh + 2Rm(g)*h-Sym^(mc(g) + ^®hj 
1 I 1 

+- Sym(^/g f (g) ® h) + / (1 - s)(-2D 2 ) Ric(h, h)ds 

J Jo 

+ ^fdiv 9 h—V ff tr 9 h/2 (^) + ^h* 2 *V9 f (d + h). 
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since J^gf(h) = ^% g fh + \ Sym (j^gf(g) <8> h). That is, by using the definition of Q(g, g ), 
Q{g + h,g) = Q(g,g) + A g jh + 2Rm(g)*h + ^Sym(Q(g,g)®h) 

+ [ (^~ s )Dg +sh (—2Ric)(h,h)ds + j£‘ div h _vg t j. h / 2 (h) 

Jo 

+ J£h* 2 *\79f{9 + h). 

If (M n , g,X7 9 f) is an expanding gradient Ricci soliton, 

Q(g-\-h,g + h) = —2Ric(g + h) — (g + h)+J&y g +hf(g-\-h) 

= -2Ric {g) - g + ^/gf{g) 

+A g h + 2Rm(g) * h — Sym(Ric(g) <g> h) — h + Jtfygf(h) 

Afdiv„ h— V 9 tr 9 /i/ 2 (fiO T / (1 s)( 2Dg d _ s f l Ric)(h, K)ds 

Jo 

+ J£\rg+hf_ygf(g + h) 

= A g jh + 2Rm(g) * h - ^ diVgh _ Vgtrg h/2 {g) 

+ f (l — s)(—2Dg +sh Ric)(h,h)ds + ^/ g +hf_ygf(g + h). 

Jo 

□ 

Lemma 2.21. With the above notations, 

Q(T( 7 ),T( 7 )) = V s »’ 2 / l ( 7 ) + (Rm( 90 ) + / 0 -VM7) 

+ [ (1 - s){-2D 2 g0+sft(7 ) Ric)(/i( 7 ), h{y))ds, 

outside a compact set, where h( 7 ) := T( 7 ) — T( 7 o). 

Proof. Using lemma [2.201 and defining /i( 7 ) := T( 7 ) — T( 7 o), 

Q(Tfy), T( 7 )) = Q(g 0 + M7),9 o+ M7)) 

= AgoJoHl) + 2 Rm (5o) * /i(7) - ^di V90 fc( 7 )-v®o tr90 /,( 7 )/ 2 (Sd) 

+ -SV(7)/o-v T (^o)/ 0 (so + ^( 7 )) + [ (1 - s)(-2^ 0+s?l ( 7 ) Ric)(/i( 7 ), /i( 7 ))d 

= V 90,2 /i( 7 ) + Vy 90 fo h{l) + Rm( 50 ) * %) 

+ Af v n7)/ 0 -v T ^o)/ 0 (5o + /i(7)) + J o (! - •s)(-2Dj 0+sh(7) Ric)(/?.( 7 ),/i( 7 ))d 
Now, using the soliton identities, outside a compact set, 

V V 9 o/ 0 ^(7) = 2 SJV®o/o(/i( 7 )) - ^ Sym(^V®o/ 0 (30) ® h( 7 )) 

= 4|V 9o /o| 2 </>*( 7 - 7o ) + (4/ 0 ) «SfVso/ 0 (</>*(7 - 7o)) 

-h( 7 ) - Sym (Ric ( 50 ) 0 ^( 7 )) 

= Rg ° ^( 7 ) - Sym(Ric(5o) 0 ^( 7 )) + ( 4 /o) J2V 9 o/ 0 (^>*( 7 - 7o )). 
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As the diffeomorphism cf is preserving the expanding structure, that is cj)*f(t,x ) = t 2 /4 for 
(t,x) E C(X), and as the deformation h( 7) is transversal to the radial direction, 

0*(h( 7 )(V 90 / 0 ))(t,s) = t 2 ( 7 -7o)(^(V 9 °/o))(i,x) = 0, 

V t(7) /o - V t(7o) /o = V 90+h(7) /o - V 90 /o 

= 0 , 

outside a compact set. 

Therefore, outside a compact set, 

Q(T( 7 ),T( 7 )) = V 2 ’ 9o /i( 7 ) + Rm(go) * ^( 7 ) 

+ [ (1 - s)(-2T»| o+s/l(7) Ric)(h( 7 ), h(-f))ds. 

J 0 

□ 


We are now in a position to prove theorem 12.181 


Proof of theorem \2.18[ <3? a is actually well-defined. We will only consider the case a = 1 to 
simplify notations. Indeed, by lemmata 12.201 and 12.211 

Q(T( 7 ) + h,T( 7 )) = V 9o ’ 2 h( 7 ) + (Rm(so) + Vo 1 ) * Ml) (24) 

+ [ (! - s)- D J 0 + s / l ( 7 )(-2Ric)(h(7),h(7))ds (25) 

•J 0 

+A T('y),fo h + 2 Rm ( T (7)) * h + i Sym(Q(T(j), T(j)) <g> h ) (26) 

+ i! ( 1-s ) £) 7’( T )+^(- 2Ric )( /l > /l ) ds ( 27 ) 

+V T( % * V T W/t + V T W’ 2 h * h + jgf fc . 3 * V T( 7)/o (r(7) + h). (28) 

Note first that by its very definition, 


fc(7) e (C^ 2 (M,S 2 T*M),C c fc + 2+1 (M,5 2 T*M)) 0!OO c c™(m,s 2 t*m), 


by remark r2.ll By inspecting each term, one can actually check that is well-defined. We 
anticipate on the next section on Frechet deformations by proving some ’’tame” estimates on 
the map <J>q,. 

The proof is actually inspired by [ Ham82 j. One of the main tool are the interpolation 
inequalities that hold here when the parameter 0 is 0. As noticed in remark l2Tl corresponding 
interpolation inequalities for an arbitrary 9 £ (0,1) are not straightforward. To circumvent 
this issue, we will use the simple fact that, for a given nonnegative integer k and some 
9 € (0,1), the norm || • (on the spaces considered above) is dominated by the norm 
|| ■ ||fc+i. The drawback is that we establish less precise estimates : this will not affect the use 
of the Nash-Moser theorem. 

We temporarily simplify the notations : denote by (|| • || fc + 2 e ) k >o (respectively (|| • IIg)fc>o, 
respectively (|| • ||^)fc>o) the collection of norms induced on (D^t 2 ^f(M,S 2 T*M )) k >0 (re¬ 
spectively on (Ccf n j a (M, S 2 T*M)) k > 0 , respectively on (Ccon(M, S 2 T*M)) k > 0 ). 
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• Concerning the first line (12411 , by invoking theorem 12.141 : 

l|k(7)lll+2,», 
k 

Y IN Rm(go)\\k-i,e\\ h h)\\?,0 

i=0 

IIM7)llfc+2,e. 

where < means up to a multiplicative positive constant independent of the variables. 

The main difficulty in estimating the remaining terms is the presence of connections 
with respect to metrics different from 50 , indeed, the function spaces we consider are 
defined in terms of the metric go- 

We first remark that for two metrics g\ and 52 and for some tensor T, one has 

V 92 T = V 91 T + gi 1 *V 91 (g 2 -gi)*T. (29) 

• Concerning the last line (12811 : 


ll^/V°’ fe (v3°’ 2 M 7 ))ll3 ;$ 

v J / 2 V 90 ’ fe ((Rm (go) + u^ 1 ) * h( i))\Q e % 

< 


V T(7) h = V^h + Tfr ) -1 *V so h( 7 )*h 


V 9°T( 7 )- i = T( 7 ) -2 * V 90 h( 7 ), 

V T «’ 2 h = ^(V^/i + rW -1 * V 90 h( 7 ) *h) 

= V^V^h + Tfr) -1 * V 90 h( 7 ) *h) 

+T( 7 ) _1 * V so h( 7 ) * {V 90 h + T( 7 ) _1 * V 90 h( 7 ) * h) 

= V 90 ’ 2 h + r^)” 1 * V 90,2 h( 7 ) * h 

+T( 1 y 1 * V 9o h( 7 ) * V 90 h + T( 7 )" 2 * V 90 h( 7 )* 2 * h. 

We need to estimate the (rescaled) derivatives of the inverse of a small perturbation 
of 50 : 


Claim 2. There exists some large hut fixed nonnegative integer ko such that for k > ko, 
||(5o + ho) 1 \\k,e ~ ll^o||fe)e + 1, 
for h 0 E [7(0) C CcSn (M, S 2 T*M). 

Proof of claim [3 For k = 1, one has 

V 90 (ho + ho)" 1 = (50 + ho)~ 2 * V 90 h 0 , 
which implies the result if ||ho||fg is small. 


0 = V 90 ’ k [(50 + M o (go + ho)" 1 ] 

fc -1 

= (50 + ho)'V 90,k (go + ho)’ 1 + Y V 90 ’"-*^ * V 90,i (5o + ho)’ 1 , 

2=0 
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therefore, by induction on k, 


\vQ /2 X7 9o,k (go + h 0 ) _1 ||o^ < 


< 


< 


< 


k -1 


i=0 


XI ll^ollfc-i.elK^o + ho) 1 11^0 

i=0 
k -1 

k-l 

>+E 

i=0 

k 

1,0 + XI 


fc-1 

M + XI ll^ollfc-j^ll^ollil 

i=0 


k—2 


C 

k-l 


f-i+lllMg.!, 


z=l 


if & > 3 (the case k = 2 can be adapted) and if || /ioII 1 6> is bounded. By using 
interpolation inequalities : 


|u 0 fe/2 V^(< 7o + ho)- 1 ||^ < HMm + IIM* 


C|U. lie 
3 


< IIM&, 


provided ||^-o II 30 is bounded. Hence the result. 


□ 


Now, combining these estimates with the results of theorem 12.141 one can bound 
the following terms as follows : 


* fc )||0 < ^|| V ®». 2 /!|| 


"'•“SlIMlS,., 


t=0 
k 


< 

r^j 


< 

rs_/ 


< 


< 


< 


Ei 

z=0 

k 

Ei 

i=0 


,D 


/ 




U+2,0H"'llfc-j,0 


fc-i 


Df 
k +2 


,«+E 


«=i 


D 


'f 


k+2,6 


+ 


Df 

k+2 


%M\k' i+ s 


D f 


D 


'f 


k+2,6’ 
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provided ||/i||^ is bounded. Similarly, one has : 


\ v * /2 \7 9o ’ k (\7 9o h *\7 9o h)\fy 


o ~ 


< 


< 


2=0 

k 

E 


?iA h C, + 2.» 


2=0 




Df 

provided ||/i|| 4 g is bounded. 

Using claim [2] together with interpolation inequalities, one gets in a similar way : 

II V T ™h * V 90 h + V T ^ 2 h * h\Q e < \\h\\^ g + 11^7)11 WlN^oW*’ 

for some fixed nonnegative integer k^. 

The Lie derivative can be rewritten in the following way : 

^,2* v t Wa (T( 7 ) + / 1 ) = V T ^ +h (h* 2 *V T ^f 0 ) 

= V T ^ +h {h* 2 * V 90 /o) 

= V 90 (h* 2 *V 9o f 0 ) 

+(T( 7 ) + h ) _1 * V 90 (T( 7 ) + h) * h* 2 * V 9o /o, 

since T( 7 ) + /i is a metric and V T ("fo = V 90 /o outside a compact set. Again, one 
can estimate this term by 

II ■&’h* 2 *V T <rr)foiTij) + Mlljfc,0 ^5 ll^llfe+2,0 + 11^(7)IIfc+2,0> 

provided ( 7 ,/i) € C/( 7 o,0) is in a neighborhood of ( 7 o,0) sufficiently small. 

Concerning the integral terms in lines (1251) and (1271) . one applies the previous methods, 
that is, the use of interpolation inequalities together with formula (1291) . to formula (1201) 
to get : 

C f 


(! - s)D go+shb) (-2Ric){h('y),h{'y))ds 


< 


ll*(7)ll 


k,e 


c 

k+2fii 


provided ||M7)llfc o +2 0 bounded for some fixed nonnegative integer ko. Similarly, 
one gets : 

Cf 


(1 - s)D Th)+sh (-2Ric){h,h)ds 


< 


11^7)11 


k,6 


C 

k+2,6 


+ 


■ D 


lfc+2,0> 


provided ||/i( 7 )||g, +2i e + ll^llfco+2 o bounded for some fixed nonnegative integer k o- 

Concerning the third line[26l the only term that could cause some trouble is 
Nonetheless, outside a compact set : 


V 


l% fo h = (V T ^ — V 90 )h * V ffo /o + V® so fQ h 

= T( 7 ) _1 * V 90 /i( 7 ) * h * V 90 /o + Vy 90 f Q h. 
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Now, by definition of the spaces D k ^’® (M, S 2 T*M), € D f( M. S 2 T * M ) 

and since h( 7 ) € Cj£?’ e (M, S 2 T*M j, X 9o h( 7 ) * V s °/o € c££(M, S 2 T*M ). 

To sum it up, we obtained the following (tame) estimate as expected : 

ll«r<7) + '!T(7))l6 S ll(4(7)A)ll S', (30) 

if iiwtimiVS is bounded with some fixed nonnegative integer fco- 

By the Banach version of the inverse function theorem, it suffices to show that the differ¬ 
ential of f&Q, at ( 7 o,0) is invertible. 


^(7o,o)^«(7, h) = (7, D\ gogo) Q{D lQ T{ 7) + h) + D 2 (gogo) Q{D^T^))) 

= ^ D t 90 , 90 )Q( h ) + K 9 0 ( 7 )), 


where A po ( 7 ) := Dj gogo) Q(D ryo T('y)) + D 2 ^ go go) Q{D 10 T{j)). By lemma | 2 . 2 Uj one easily identi¬ 
fies the operator with the weighted Lichnerowicz operator A go j 0 + 2Rm(5o)*- Now, 

by theorem 12.141 Dj go go ^Q is an isomorphism of Banach spaces which proves that ^( 70 ,o)^a 
is an isomorphism. 

Finally, assume that (M n , go, V 9o fo) has positive curvature and let 7 G 9Jlet k+2,d (X) close 
enough to 7 o so that there exists a (unique) deformation h G (M, S 2 T*M) such that 

Q(T( 7 ) + h, T( 7 )) = 0, i.e. such that 

-2 Ric (g) - g + 2z?V 9 / 0 ( 5 ) + ■^ > v{ g ,T( 1 ),f 0 ){a) = 0, 
where g := T( 7 ) + h. If V := V 9 f 0 + V(g, T( 7 ), / 0 ) then 

-2 Ric( 5 ) - 5 + ££v(g) = 0. 

It suffices to prove that the radial curvatures of g are positive since : 

^1 R™.(g)\s P h - Rm( 5 f o)| 5 P h| < C(n)\\g - go\\c^ on (M,S^T*M)- 

Now, 

2 divRm( 5 ) ijfc = Vf2Ric (g) jk - Vf2Ric (g) ik = Vf £V(g)jk ~ Vf %V(g)ik 

= vfsvfi), • vfi;,)-vfivfv 1 vf 1 )) 

= Rm (^k + VfV^-VfVfV 

= 2 Rm(j) jiV * + Vf (Vf V - Vf 14) - Vf (Vf 14 - Vf V), 

that is, using the definition of V, 

divRm(g)(-, - , •) = Ms)(', •, V, ■) + V^V( 5 , T( 7 ), /„). 

On the one hand, as (M n , go,\7 90 fo) is an asymptotically conical expanding gradient Ricci 
soliton with positive curvature, by lemma DVD and [Section 3, [Derl4a| ]. 

divRm(g 0 )(-, -, •) = Rm(g 0 )(-, •, V 90 /o, ■), 
inf v 0 (x) min Rm(g 0 )(u, V 9 o /o, V 9o / 0 , u) = c> 0 . 

x£M n 'U_LV 9 0/ 0 ;|u|g 0 =l 
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Now, as g — go € C'cm °(M, S 2 T*M), with k > 1, we have 

v l ,2 \ div 9 Rm (fiO - div S0 Rm( 5o )| go < C\n)\\g - go\\ci on (M,S^T*M), 

that is, if (7, h) is sufficiently close to (70,0) in C k+2 ' e (X, S 2 T*X) x Dj^j 0 (M, S 2 T*M) for 
k > 1, 

inf v 0 (x) min (Rm (g)(u,V,V,u) + V 2 ’ 9 V(g, T(j), f 0 ) * V) > ^ > 0. 
x&M uA-V\\u\ g =l v ' 2 

On the other hand, 

Vq / 2 \X 9,2 V (<?, T( 7 ), / 0 )| = vl /2 \X^ 2 (y T ^h + h(X T ^f 0 ))\ 

< c(n, go)\\h\\c3 on f (M,S 2 T*M)- 

Therefore, if (7 ,h) is sufficiently close to (70,0) in C k+2,e (X, S 2 T*X) x D k ^j°(XL S' 2 T*M) 

for k > 1, then the radial curvatures of g are positive and decay at most like v^ 2 , i.e. r“ 4 in 
terms of the distance function to a fixed point p, at infinity. 

□ 


3. Frechet deformations 

3.1. Functions spaces. We recall several definitions from [Ham82] : 

• A Frechet space F is graded if it admits a collection of seminorms {|| • ||fc}fc>o defining 
the topology of F and such that for any k > 0, || • ||fc < || • ||fc+i- 

• Let L : F —>• G be a linear map between graded Frechet spaces. L is tame if it satisfies 
a so called tame estimate of degree r and base 6, i.e. 

\\Lh\\ k < C(k)\\h\\ k+r , k>b , 

for any h € F. 

• Let P : U C F -> G be a continuous map of an open subset U of F into G 
where F and G are graded Frechet spaces. P is tame of degree r and base b if 
\\P(h)\\ n < C( 1 + ||/i|| n+r ), for all h € U and all n > b for some positive constant C 
eventually depending on n and U. 

• Let B be a Banach manifold. One denotes by X(-B) the space of exponentially de¬ 
creasing sequences in B, i.e. the graded Frechet space : 

£(L?) :={(h k ) k ,h k €B | \\(h k ) k \\ n :=J2^ k \\hk\\B<+ooyn>0}. 

k>0 

• A graded Frechet space F is tame if there exists a Banach space B such that there 
exists two tame linear maps 

F ^4 £(£) F. 

such that M o L = IdF- 
We consider the following function spaces : 
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If X is a smooth compact manifold, 

C°°(X,E) :=n fc > 0 C k ’ e (X,E), 

endowed with the collection of norms ^|| ■ || c k ’ e (M,E)J ■ f° r some fixed 9 € [0,1). 


\ ' - '/k >o 

Let (M, g, V/) be a complete expanding gradient Ricci soliton. For some nonnegative 
integer k and some 9 S [0,1), we define : 

C%’ e con (M,E):={heCW(M,E) | limt// 2 V7i = 0, 

+oo 

• Let V be a smooth vector field on M and 9 G [0,1). 

D k o + 2 ’\M,E):={heD k v +2 ’ 0 (M,E) \ h € C k ’ d con (M, E) \ 

• Let w : M —y Ml be a smooth function. 


Vi = 0, k}. 
AyheC k ’ e con (M,E)}. 


equipped with 


C k 0 ; e „(M,E) := w - 1 Cq’c^M, E), 

Co,co n , w (.M,E) := W wh Wc*&(M,Ey 

D k + 2 #(M,E) := w - 1 ■ D k + 2 ’\M,E), 
equipped with the norm \\h\\ D k+ 2 ,e^ := \\wh\\ D k+ 2 ,s E y 

C^„(M,E) : = n k > 0 C k ’ e con>w (M,E), 
endowed with the collection of norms (II • II 

\ (s con ,w\- lV1 

D ™ w ,y(M, E) :=n fe > 0 D k ^(M,E), 

endowed with the collection of norms ( || • || r> fc+ 2 ,e.,, 

V V 0,m,v( M ’ h ) 


k> 0 


3.2. Solutions in Cq(M,E ), k > 0. 

3.2.1. The case k = 0. We start with an ad-hoc version of the maximum principle for weighted 
spaces : 

Proposition 3.1. Let ( M,g ) be a complete Riemannian manifold. Let w : M —>• M + be a 
smooth non negative function on M. Let u : M x [0,T] be a subsolution to the weighted heat 
equation with weight w, i.e. 

dtu — A w u<0, on M x (0, T], 

such that sup M u(0, •) < 0. Assume that there is some positive a such that 
f [ e~ ad ^ x ’ p) max{u(t, x ),0 } 2 e w ^dfi g (x)dt < +oo. 

Jo Jm 

Then sup jW u(t, •) < 0 for any t € (0, T]. 

The proof of proposition 13.11 is a straightforward adaptation of the unweighted case w = 0 
given in an unpublished paper by Karp and Li : [Chap.7. [CLN0fi] ]. 
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Theorem 3.2. Let (M, <7, V/) be an expanding gradient Ricci soliton with bounded curvature 
such that f is proper. Then, for any positive a and any real number 7 , the operator 

h € D 2 0 ^ f (M,E) > A v _ llnv h - ah € C°’ d (M, E) 

is an isomorphism of Banach spaces for 6 e (0,1). In particular, the operator 

A/ : D 2 0 ’ e fayf (M,E) -A C° 0 ’ e conJa (M,E) 

is an isomorphism of Banach spaces. 

Proof. According to theorem 12.31 it suffices to prove that if H £ Cq ,9 (M,E) and if h is the 
2 0 

unique solution in D^(M, E) to A v -^\ nv h — ah = H then lim +00 h = 0. We recall that h is 
given by the following formula : 

roo 

h= e~ at T(t)Hdt , 

Jo 

where (T(f)) t >o is the one parameter semigroup generated by A„_ 7 i n „. Therefore, it suffices 
to prove that lim +00 T(t)H = 0 for any positive time at a controlled rate. More specifically, 
we claim that, for any positive e, there is some positive radius r(e) such that for any positive 
time t, 

sup \T(t)H\ < ee £t . 

v>r(e) 

By considering the norm of T{t)H, we are reduced to consider a nonnegative subsolution of the 
heat equation for the weighted laplacian A v _ 1 \ nv . From now on, let u : M n x [0, T] —>• R + be 
a subsolution to the weighted heat equation with weight v — 7 Inn such that lim +00 u( 0 , •) = 0 
and such that u(t , •) is bounded for any nonnegative time t by sup M u( 0 , •). 

Let ife,r ■= if(v/r) + e, where e and r are positive and where if : [0, +00) —> [0,1] is such 
that, 


V’llO, 1] = 0 ; if\ [2, + 00 ) = 1 ; 

0 < if' < C ; \if "| < C. 

Let ro(e) > 0 such that u(x, 0) < e if v(x) > ro(e). We compute the evolution of the function 
lfe t rU as follows 1 


(Jt(dfe,r'uJ) — 'lfe,r(Jt'U j A '^fe,rA v —ry\ nv u 

A A v — 7 In v idfe,pJ) 2 < Vn > uA v _ r y\ nv lf er 

A v —"/ In vlfe,r 


A A t ,_ 7 i n v —2 \nil> e:r ('lfe,r'u) E ^2| V In lfe,r \ 
Now, on {r < v < 2r}, 


A 


(lfe,rU). 


_ , ,/ Vu , ,// |Vn| 2 t Av 

V ife r = lf - ; A lf er = V O—b v — ; 

1 rjrt 1 rj™ Zj rj^ 

/1 Vn| 2 /1 Vnl 2 

< Vn, Vif e r >= if - -^>0 ; <Vln v,Vif er >= if -A, 

r ’ vr 


2|Vln^, r | 2 — Av ~^ v ^ r 




< 


c c 


re 2 


+ 


re 


so that 
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where C is a positive constant uniform in r and e, since |Vu | 2 < v by proposition I A. 21 Define 
r(e) := max{e~ 3 , ro(e)} so that 

"A 7 In u —2 In V’e.r (V’e^n) “I - Ce('f/ ej? Ui), 

i.e. U eir (t , ■) := e~ Cet ip etr u is a subsolution to the heat equation with weight v— 7 lnu —2 In if> e , r . 
Moreover, 

U e , r (0,-)<Ce ; U e>r (t, ■) < (1 + e) supu(0, ■) Vi > 0. 

M 

We are now in a position to apply proposition 13. 1 1 to the subsolution U e ^ r {t, •) — Ce. The only 
thing to check is the integrability assumption : 

[ T [ e -K(*-P) max{C e , r (i, •) - Ce, 0 } 2 e v v~^ipf 2 d^ g dt 

Jo Jm 

< C(e, g) [ T [ e^l±-P)al(x, v ) d[lg d t 

Jo Jm 

r+°o 

<C(e,g,T ) / e ( 1 / 4 -0) r A{p, r)dr 

Jo 

< C(e, g, T) / e W*-P)r 2 +C(n,g)r dr < +QQ 

Jo 

as soon as (3 > 1/4 for some fixed point p £ M, where we used the fact that the function 
v is positive and at most quadratically growing together with the Bishop theorem since the 
(Ricci) curvature is bounded from below. 

Therefore, since T is arbitrary, 

U e)T {t,x) < Ce, on M n x [0,+oo), 

i.e. 

u(t,x) < Cee Cet , on {/ > 2r(e)} x [0,+oo). 

By integrating over [0,+oo), this shows that 

sup \h\ < Ce, 

v>r(e) 

i.e. lim +00 h = 0 since v is proper. 

□ 

3.2.2. The cases k > 1. We state and prove the following result that is the analogue of 
theorem 12.141 

Theorem 3.3. Let (M n , g,X7 f) be an asymptotically conical expanding gradient Ricci soliton. 
Then, the operator 

A v - 2alnv - a : D*+ 2 f(M,E) -A Cj’^M ,. E ), 

is an isomorphism of Banach spaces for any a € (1/2, +oo) and any 6 £ (0,1). In particular, 
the operator 

A / = Dt „y/ vf (M,E) 

is an isomorphism of Banach spaces for any a £ (1/2, +oo) and any 9 £ (0,1). 
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Proof. Let H E C'q’^ on (AL. E) and let h be the unique solution in (M, E) to A„_ 2a i nv h— 

ah = H given by theorem 12.141 Then we claim that h E Cq’ coti {M,E). Indeed, it is shown in 
the proof of theorem 12.141 that v k ^ 2 X k h =: h k is the unique bounded solution to 

fc-i 

A v-(2a+k)lnvhk - ah k = (Rm (g) +u _1 ) *h k + H k + Rm (g) * hi, 

i =0 

where H k := v k ^ 2 X k H. By induction on k and by assumption on the curvature decay, the 
right hand side goes to zero at infinity and so is h k by theorem 13.21 with 7 := 2a + k. 

□ 

Corollary 3 . 4 . Let (M n , g,\7 f) be an asymptotically conical expanding gradient Ricci soliton 
with positive curvature operator. 

Then, for any a E (1/2, + 00 ) and any 0 € ( 0 , 1), L a is an isomorphism or equally, 

L 0 : D k yt e vf (M,S 2 T*M) -A C^ conJa (M, S 2 T*M) 
is an isomorphism of Banach spaces. 

3.3. Tameness of the linearized operator. As said in the introduction, in order to apply 
the Nash-Moser theorem, one needs to invert the linearized operator on a neighborhood of 
(70, 0 ) in C°°(X, S 2 T*X ) x D^ a V j(M, S 2 T*M). This is the purpose of the following theorem 

Theorem 3 . 5 . Let (M n , go, V 50 /o) be an asymptotically conical expanding gradient Ricci 
soliton. Let (C{X),dr 2 + r 2 70 , 0 ) be its asymptotic cone. Then, 

(1) For a E (1/2,+ 00 ), the Frechet spaces D^f a ^f(M,E) and C£° con f a (M, E) are tame. 

(2) There exists a neighborhood U{ 70, 0 ) C (C°°(X, S 2 T*X)) x D/fif a v f(M, S 2 T*M)) of 
(70,0) such that the family of linear maps 

L : t/(( 7 o, 0 )) x D^ fayf (M,S 2 T*M)) -A C^ conJa (M, S 2 T*M), 
defined by 

L{ 7 , h)h := A T ( 7 ) +/i , j/o /i + 2 Rm(T( 7 ) + h)*h 

Sym(Q(T(j) + h,T( 7 )) ® h) + fo _^n-y)+h fo) {T + h), 

defines a smooth invertible tame map whose inverse is also tame for a € ( 1 / 2 , + 00 ). 

Remark 3 . 6 . The reason why we consider the map L in theorem 13.51 will be legitimated by 
the proof of theorem \3.f\ 

Proof. (1) According to theorem 13.31 the operator 

A v : Doffa^f(M,E) C/f/ con j a (M, E), 

is well-defined, is invertible, tame and its inverse is also tame for a > 1/2. Therefore, 
D™ fa V j(M, E) is tame if and only if C{fi con (M, E) is. We claim that C/fi con fa (M, E) 
is tame for any positive a. We do the proof for the bundle E = S 2 T*M, the proof in 
general can be adapted. 

First, we remark that we can localize the argument outside a sufficiently large 
compact set of M by using a suitable cutoff function. Secondly, as (M, g, V/) is 
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smoothly asymptotic to a metric cone (C(X), dr 2 + r 2 gx,fd r / 2) as explained at the 
beginning of section 12.51 by pulling back tensors on M, we are reduced to show that 
the corresponding weighted spaces Cfi° con r a(C(X) \ B(o, 1)) where a is a nonnegative 
number, are tame. Actually, we are even reduced to show that Cfi° con (C(X) \B(o, 1)) 
is tame since the map h E C^ conra {C{X) \ B(o , 1)) -A- r a h E C™ con (C(X) \ B(o, 1)) 
is an isometry. 

Now, we reduce again the claim to manifolds that are asymptotically cylindrical by 
the following correspondence. Indeed, define the following diffeomorphism : 


((0, Too) x X, dt 2 +g x ) 
(t,x) 



(C(X)\B(o,l),dr 2 + r 2 g x ) 

(e\x). 


Then, ^*(dr 2 + r 2 g x ) = e 2t (dt 2 + g x )- If 9con ■= dr 2 + r 2 g x and if g cyi := dt 2 +g x 
then the previous equality reads 4>*g CO n = e 2t g C yl ■ Define the corresponding weighted 
spaces in the cylindrical case : 


C^ cyl ([0,+oo)xX) := 

\ h E Cj£ | sup \V k h\ < Too, limsup \V k h\ = 0 Vfe > 0 

( [0,+oo)xV +oo 


One can check that h con € C^ can {C{X)\B{o, 1)) if and only if h cy t E C^ cyl {[ 0, Too)x 
X) with the notations previously introduced. 

Finally, we invoke corollary 1.3.8 of [Ham82J that ensures that, if N is a compact 
manifold with boundary, the space Cq°(N,E ) of sections vanishing at the boundary 
of N together with all their derivatives is tame. 

(2) As in the proof of theorem 12. 181 our approach is actually an adaptation of the proof of 
theorem 3.3.1 of [Ham82] . We use massively interpolation inequalities again that hold 
here when the parameter 9 is 0. As noticed in remark 12.11 corresponding interpolation 
inequalities for an arbitrary 9 E (0,1) are not straightforward. We will only use the 
simple fact that, for a given nonnegative integer k and some 9 E (0,1), the norm || • \\k : e 
(on the spaces considered above) is dominated by the norm || • ||fc+i- The drawback is 
that we establish less precise tame estimates for the map L and its inverse : this will 
not affect the use of the Nash-Moser theorem. 

We temporarily simplify the notations. 

Denote by (|| ■ ||f+ 2 ,6»)fc>o (respectively (|| ■ || fc ^)fc>o, respectively (|| • ||£ 0 )fc>o) the col¬ 
lection of norms induced on D^ a V y(M, S 2 T*M) (respectively on C£° con (M, S 2 T*M ), 
respectively on C™ n (M, S 2 T*M)). Finally, we denote by T := ( T{p/), 'h) an element 
of C? on (M, S 2 T*M) x D™ fayf (M, S 2 T*M). 
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Claim 3. There exists a nonnegative integer ko such that if \\T — ToW^^f is bounded 
then 


k 


\\L(r)h-L(r 0 )h\\ 


Cf 

k,e 

< 

r^j 

£ IWlf-'wlir - r 0 ||f + x 2 7, 

i=0 

(31) 



(32) 

Cf 

k,e 

< 

r^j 

INl2 2 ,* + 

(33) 


where the symbol < means up to a multiplicative positive constant (independent of the 
variables). 


Proof of claim\f^ Define To := ( 70 , 0 ) and let T £ U(T 0 ) such that T( 7 ) is well- 
defined, i.e. is a metric. Then, by using the variation formula (1291) . and the fact that 
V r ^ 7 ' ) /o = V r ( 7 °)/o outside a compact set, 


(A n -y) + h - A TM )h = [(T( 7 ) + h)- 1 * (h( 7 ) + h)] * V 9 °’ 2 h 

+ [(T( 7 ) + h )~ 2 * V so (/r( 7 ) + h)\ * V 90 h 
+ [(T( 7 ) + h )~ 2 * V 90 , 2 (/i( 7 ) + h) 

+(T( 7 ) + h)~ 3 * V 90 (/r( 7 ) + h)* 2 ] * h, 


)~\~h _ 

V V T 7)+ h / 0 V V T ( i ' o )/ 0 


h 


V 90 h 

v [ v T 7 )+' l - V T ^ o )]/ 0 4 

+(T( 7 ) + h)- 1 * V 90 (/r( 7 ) + /i) * V T W+ h f 0 * h , 


yT(7)+ft _ yT(7o) 


/o 


v T( 7 )+fc _ V T( 7 ) 


/o 


(T( 7 ) + /i ) _1 * h * V 9 o /o, 


Rm(T( 7 ) + /i) - Rm(st 0 ) 


(T( 7 ) + /i ) _1 * V 9 o, 2 (/i( 7 ) + /i) 
+(T( 7 ) + /i )" 2 * V 9 o (/r( 7 ) + /i)* 2 , 


MV T(7) /o - V T W +/i /o) 


h * (T( 7 ) + /i )" 1 * h * V 9 o /o, 


-2h(V T W/o-V T 7)+' i /o)(-^(9 / ) + M 


v 90 (^( 7 ) + /i) * h , * (T( 7 ) + ft ,) -1 * h * V 9o / 0 

+V 90 [h * (T( 7 ) + /i)" 1 * h * V 9o /o] * (T( 7 ) + h). 
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To sum it up, we get, after suppressing the contractions with (T( 7 ) + h) or its inverse 
that are inoffensive as seen in the proof of theorem 12.181 (claim [ 2 ]) : 


L(j, h)h — L(7o, 0)h = V s °’ 2 h * [(h( 7 ) + h)} 

+V 90 h * [V 90 (/i( 7 ) + h) + h * V 90 /o] 

+h * [V 90 ’ 2 (/i( 7 ) + h) + V 90 (/i( 7 ) + h)* 2 } 
+h * [V 90 (h( 7 ) + h) * V 90 /o * (1 + h)} 
+h*[h* V» 0 ’ 2 /o + Q(T( 7 ) + h, T( 7 )).] 


We then estimate each term as we did in the proof of theorem 12.181 The term 
involving Q(T( 7 ) + h,T( 7 )) has already been estimated : ([HU]) . To simplify notations 
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again, we will denote V 90 by V. By using theorem 13.31 

||u 0 fc/ V(v 2 h*(r-r 0 ))||g < Ell v 2 ^ / 2 v '^)llSll r - r oll£f X 2% 

i=0 

E IN&.jr - Rlfh 0 ',* 

2—0 

k 

E llv(4 /2 v^)llSl|r-r 0 |i; 

i =0 

+ E ll V ( t, o fc_i)/2 V fc “^)|lSll«fv i (V/o * h)\\° g 

i =0 

E ii*ii£ i+ 2,»ii r - Riif+w' 


|»; /2 v‘(vS. [v(r - r„) + h . v/o])lloe 


< 

r\_/ 


< 


,CxD f 

\k+ 2 -i,e 


< 

r-u 


i =0 


+E 

i=0 


7 i,D 


Cf 

k-i+2,0\\"'Wi,6 


f 


„J /2 v*(v 2 ( r - r„) 


© 


4 /2 v‘(v/ 0 * v(r - r„) * 


IS 


< 

rxj 


< 

r\_/ 


< 


< 

r\_/ 


< 


< 

r\_/ 


E 11*11“-,+ 2 , „llr - r 0 ||f + x 2 5' 

i=0 

Eii r - r oiiw%ii»r 2 vftiig 
2—0 
k 


En r - r °n 


2—0 

k 


E ll^llf-i + 2, e (ll^(7)llm, 0 + l|VK /z V , (V/ 0 h))||^) 

i=o 
k 

\\"'\\k-i-\-2fi VII"'V /Ulj+2,0 w ||'0 2 

2—0 
k 


CxD f \\h\\ Df 




E ii*ii“', «, ,(iiM7)iif + 2,» + lli+2,02 1 

i=0 
k 

El|r-r 0 ||‘ 


lf+2?ll*Hfi + 2,», 


l% /2 v‘(v/ 0 .v(r-r„)»fc»S)||g # < E + 2 ,« 

i=0 
k 

s E 

i=0 \j=0 

S, E ll*ll£-W r - rollf+w' 


i=0 

k 


T uDt 


E » r - *■ 

,i=0 




fc-j+2,0 


En r - r oiwii r - r oii 

i=0 


CxDf 

i—j+2,0 


i =0 
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if || r — r o |f o X 0 D/ < C with ko large enough (ko = 100 does the job !). So far, we have 
proved that, if T is in a neighborhood of Tq : 


mmiki z 

< 


mro)hf k ! e + \\mh-LF 0 )h\\% 


k,e 


TnD f 

k+2 




TnD f , 

k-i+ 2,01 


r-r, 


■ CxD f 

Olli+2,0 


i=0 


< 


< 

r-u 


fc-1 


T" Df + X 
k+2,0 T- / , 
i =1 


D 


7 

fc-i+2+1 


|r-r 0 ||f + x 2 3 + ||h||? + %| 


iiCxfly 
1 i 0||fe+l,6» 


y ,,D 


f 

k+2,9 


-L nr r iilii 0 ^ _i_ nr r \\ < -' xD f 

+ P ~ 1 oilfc+2 II P2+2 + P ~ 1 0 


o||fc+2,e» 


Df 

2 + 2,0 


< 


fc+2,0 


+ ll r - r o||fc+ 2 D /"^" D/ 


2+2,0 


hence the claim by using interpolation inequalities. 

□ 

We follow the arguments due to Hamilton |Ham82| to show that the family of inverse 
maps L is tame on a neighborhood of 1+ = ( 70 ,0). We need three ingredients : the 
three first steps k = 0,1,2 (because of claim |3|), the tame estimates for the map L 
given by claim [3] and adequate interpolation inequalities. As we said before, we do 
have interpolation inequalities when the parameter 8 is 0 . 

The first steps k = 0,1,2 are straightforward, regarding claim [3] together with the 
fact that T(To) is an isomorphism by theorem 13.31 : if ||T — Fo11 k *Q J is small enough 
for some large ko, then 

ini?+ 2,0s mmZi* ~ h e D^ fayf (M,s 2 T*M). 

Claim 4. For any integer k > 2, 

WHkUe S \\mm C k!o + ^i=o\\ L ( T )(h)\\?+2,e\\ r - r 0 | \ C k-* D +ie, 

(F, h) € (C c ~ (M,S 2 T*M) x D^ fayf (M,S 2 T*M)) x D^ fayf (M,S 2 T*M), 

F € LT(F 0 ), 

where the symbol < means up to a multiplicative positive constant (independent of the 
variables). 

Proof of claim\4) We prove claim [4] by induction on k. 

By applying the induction assumption to v 0 Vh, we get : 

l|S|lf7 + 2,» 5 l|i(r)(i)J /2 vi)|l2 + l|S|lf+ 2 ,« 

+ ]T l|i(r)K /2 vS)|l2 2i „||r - r„||°*%,. 

i=0 
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Now, as explained in lemma 3.3.2 of }Ham82j . by the Leibniz rule, 


L(T)(vl /2 Vh) = vl /2 V(L{T)h) - L(uQ /2 Vr)/i, 


j 2 _ 

where L(v 0 Vr) denotes some second order differential operator satisfying the same 
tame estimate (1331) satisfied by L(T). Therefore, 


T n D 


n+i+2,0 S l|r(r)S|l2 li , + l|iWWr)SK' 


1 / 2 , 


I °f 


k—2 




i+ 2+1,0 


l r - rollLT-(. +1)+ 2,<, + IWlfh 


e 


i =o 
k—2 


+ 


^||L(^ /2 vr)h)|g 2)0 ||r-r o | 


CxD f 

k-i+2,8 


< 


i =0 

HK 

(fc+1)—2 


l|£(I>|| 


fc+1,0 


+ 


Tn Df 
k+2,8 


+ ||^ /2 v(r-r„)||LT/ll'*ll2 D + , 2,») 


+ xi \\mm c d2,9 


lr — r, 


\CxD f 

ollfc+i-i+2,e 


2=1 
k—2 


+ E (iNlf+iw + ll»; /2 v(r - r„)||,^ 11 * 11 ^ 2 ,,) 


|p _-p || 

I 1 ^ 0IIfc—*+2,0" 


i =0 


Using the initial step k = 2 gives : 


7 ||£> 


f < 
k+l+2,e ~ 


W)hf t U,e 


(k+ 1) —2 

+ E 


r-r 0 


CxD f 

(k+l)-i+2,8 


i=0 


+ E (iMfh+y + llr - r„||f + x 3 5'||L(r)S||3) 

i=0 


r-r 0 


CxD f 

k-i+2,8' 
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Using the induction assumption again for i € {0, ...,k — 2} and interpolation i 
equalities : 


m- 


r„D f < 

fc+1+2,0 rsj 


(fc+l)-2 


IIUmil2 M + E IIUUMIlS^lir-roll^E+y 

i=0 

E ll r - r »llS5'll r - r olf-S,o) HU I >lS 

i —n J 


+ 


\i=0 
k—2 


+Enu r )(S)ii22,«ii r - r oiiS°2,» 

i=0 

+st 0 2 E 5 , 0 ||L(r)(/i)||g 21) ||r - r 0 ||f + xD ' +2( ,||r - foll^h 


(fc+1)—2 


< 

r-u 


l|r(r)i|lh M + E llUUSlIlSwIir-rollS-^,. 

4 = 0 


/k -2 


+ E» r - 


CxDf || iiCxfly 

1-1 0 U-_i 


011 


- 0II fc—4+2,0 


\\mh\fy 


X4=0 

k—2 


' k—2 


II CxD f 


■ ||CXD; 

I 1 1 0II fc—i+2,0 


< 

r-u 


+E iiumiffh. E » r - r «ii i+ 2-+2,»i 

3=0 \ \i=j 

(fc+1)—2 

iiuusiiSm + E ii i ( r )'*)iii+ 2 ,«n r - r oii(ll.i) / - i+ 2 ,» 

4 = 0 


, ii r _ r ||CxD 

+ II 1 1 011 (fc+!)+2 


)+ 2 ,«ll L (r)S|l 3 + E ll t ( r )S|lf+ 2 ,»ll r - rollf + x “' +2 ,, 

3=0 


for T € U(T 0 ) where U(Tq) is a neighborhood of Tq independent of k. 


□ 

□ 


3.4. Deformation of expanders : the Frechet version. The main purpose of this section 
is to prove the following theorem that is the C°° version of theorem 12.181 : 

Theorem 3.7. Let (M n , go, V 90 /o) be an asymptotically conical expanding gradient Ricci 
soliton with positive curvature operator. 

Then, for any a £ (1/2,1), the map 

t/( 7o , 0) C met°°(X) x D^ fa Vf (M, S 2 T*M) met°°(X) x C^ conJa (M, S 2 T*M) 

(7 ,h) —► (7,Q(r( 7 ) + h,T(7))) 

is well-defined provided t/( 7 o,0) is a neighborhood o/( 7 o,0) sufficiently small in Wlet°°(X) x 
D™ faVf (M,S 2 T*M). Moreover, <h a is a local diffeomorphism at ( 7 o,0) in the category of 
tame maps. 
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In particular, for any deformation 7 € Tlet°°(X) close enough to 70 , there exists an expand¬ 
ing Ricci soliton with positive curvature operator whose asymptotic cone is (C(A"), dr 2 +r 2 7 , o). 


Proof. The hard work has already been done so that it suffices to apply the Nash-Moser 
theorem proved by Hamilton [Ham82 ]. Indeed, thanks to theorem 13.51 

met°°(X ) x £>g^a v/ (Af, S 2 T*M), 

is a tame Frechet space. By theorem l2. 181 applied to any positive integer k, 3> a is a well-defined 
smooth tame map. Finally, the linearized maps 

h) = ( 7 , D^ T ^ +h T ^Q(D^T(^y) + h) + D 2 T ^ +hT ^Q(D 1 T(^f))) 

= (l> D} TM+ h,T M )Q(B 7 Tm + D 2 r ^) +ht T( 1 ))Q(D 7 T( 7 )) + L{ 7 , h)(h)) 


define smooth invertible tame maps whose inverse are also tame for ( 7 , h ) in a neighborhood 
sufficiently small of (7o,0) according to theorem 13.51 

This is exactly what we need to use the Nash-Moser theorem : hence d> a is a local diffeo- 
morphism at ( 70 , 0 ) in the category of tame maps. 

□ 


4. Harnack inequality and Cao-Hamilton entropy 


4.1. Motivations. We state and prove a general procedure that contains the Einstein case 
that enables to remove the DeTurck’s term present in the deformation. 


Proposition 4.1. Let (M n , g, V 9 / + V) be an expanding Ricci soliton, i.e. such that 

2 Ric(g) + g- = S£v{g)- 

Then, 

A f V + Ric f (g)(V) + V(di v f V) = V(R g +/ - 2A/ - |V/| 2 ), 

where Ric f(g) := Ric(< 7 ) — V 9,2 / is the Bakry-Emery tensor. 

In particular, if 

hmF = 0, Ric/(g) is negative definite on M 

and if 

R 5 +/ — 2A/ — |V/| 2 = Cst and divy F = 0, 
or 

Rg +/ — 2A/ — | V/| 2 — divj V = Cst, 

then V = 0. 


(34) 


(35) 

(36) 

(37) 


Remark 4.2. Proposition \ f.l\ ensures that the implicit expanding Ricci soliton obtained in 
theorems \2.18\ and \ 3. 7| is gradient under several assumptions we discuss now. Condition 
II6]) asks the function f to be a critical point of the entropy W + introduced by Feldman, 
Ilmanen and Ni in |FIN05| . Nonetheless, W + is only defined on compact manifolds and 
makes no sense (for the moment) on noncompact manifolds. The other condition in line 
(El is a gauge condition. Finally, the first condition in line 11351) is actually satisfied by 
V = F(T(y) + h, T( 7 ),/o) with the notations of theorem. \ 2.1f\ the second condition in line 
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K35\) is satisfied as soon as the deformation is C 2 close to the original Ricci expander. To sum 
it up, the reason why we need to introduce an ad-hoc entropy is essentially due to the lack of 
a general well-defined entropy on noncompact expanders. R might seem artificial to separate 
condition (El from condition (37\ ) : the first one deals with the non Einstein case whereas 
the second one applies to the Einstein one. 


Proof. Let us compute the weighted divergence of 2Ric(g) + g — first : 

divy(2 Ric(g) + g) = VR 9 +2Ric {g){V f) + V/, 
by the trace Bianchi identity. Now, 

dw f (j?vf(g)) = VA/ + AV/ + Ric(g)(V/) + J&j f{g)(fiJ f) 

= 2(VA/ + Ric( 5 )(V/)) + V(|V/| 2 ), 
because of the Bochner formula for functions. Hence, 

div/(2 Ric(g) + g - Jfr f (g)) = V(R S +/ - 2A/ - |V/| 2 ). 

On the other hand, 

div/(2gfV(fl)) = V(divF) + AF + Ric (g)(V) + &v(g)(Vf) 

= V(div/F) - V < V/, V > +A f V + Kic(g)(V)+ < V.LV/ > 

= V(div/F) + A f V+ Ric f (g)(V). 

□ 


The main purpose of this section is to prove the following proposition : 

Theorem 4 . 3 . Let ( M n ,g , V) be the implicit expanding Ricci soliton obtained in theorem \2.18\ 
or in theorem \ 3. 7| , then there exists a potential function f : M n —>• K such that (M n , g,\7 f) 
is an expanding gradient Ricci soliton. 

We give two proofs of theorem 14.31 

The first proof is straightforward and is a direct application of pointwise estimates due to 
Chow, Hamilton and Ni [Chap. 6, Sec. 6, [CLN06 I]. For the convenience of the reader, we 
explain the main steps in our setting in the next section. Note that Schulze and Simon [SS13I 
have generalized these arguments in order to associate to any Riemannian manifold with 
positive asymptotic volume ratio and bounded nonnegative curvature operator an expanding 
gradient Ricci soliton. Their procedure is based on a blow-down of the initial manifold together 
with the corresponding Ricci flow and is therefore more involved. 

4.2. First proof of theorem 14.31 Let (M n , g,V) be the implicit expanding Ricci soliton 
obtained in theorem 12.181 or in theorem 13.71 . Then ( M n ,g ) has positive curvature opera¬ 
tor (if the regularity at infinity is high enough) and M n is simply connected (since M n is 
diffeomorphic to M n ). Let (M n , g(r)) T> o be the associated Ricci flow to (M n , g,V). Then 
<?(r) = where (^ s ) se (_i :+00 ) is the flow generated by —V/(l + s). This flow is well- 

defined since the vector field V grows linearly in the distance at infinity by its very definition. 
Following the proof of theorem 10.46 of [ CLN06 1. consider the quantity 

Z(Y) := A R +2 1 Ric | 2 + 2 < V R, Y > +2 Ric(Y, Y) + —, 

T 
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for any vector field Y, where we omit the reference to the metric g{r). As (M n . g) has positive 
curvature operator, the vector field 

Y := — Ric -1 div(Ric) = - Ric _ 1 (VR)/2, 

is well defined and a (tedious) computation shows that, 

d r Z(Y) = AZ(Y) + 2 (Ric, M + 2P(Y) + Rm(7, -, -,Y)) — —Z(Y) (38) 

T 

+2Ric (vY — Ric— 7 ^-, VI" — Ric— 7 ^-) , (39) 

V 2 t 2 r ) 

where M + 2 P(Y) + Rm(Y, ■, ■, Y) is the matrix Harnack quadratic given by 

1 If 

M := A Ric—V 2 R +2 Rm * Ric — Ric <g> Ric H - 

2 2 r 

P(X)ij := Vy RiCjj-VjRicyj = Cod(Ric)(y,i,j), 

where Cod(T) stands for the Codazzi tensor associated to a tensor T. 

By the matrix Harnack estimate, one has 

d r Z(Y) > AZ(Y) — —Z(Y). (40) 

r 

Now, since (M n , g(r)) T> 0 is an expanding Ricci soliton and since the curvature goes to zero 
at infinity (( M n ,g ) is asymptotically conical !), we have 

SUP T R s(t) = SUp R 9 (i) = R 9 (i) (pi), 

M n x( 0,+oo) M" 

for some p\ E M n . Therefore, 

3 T (r R 9 (t ))(pi, 1) = 0 ; V 9(1) R 9 (i)(pi) = 0. 

In particular, it implies that Z(Y)(pi, 1) = 0. With the help of the strong maximum principle 
applied to (HOl) , Z(Y) = 0. Going back to the evolution of Z(Y) given by (1381) and (1391) . one 
has 

ViYj - Ric ij = 0. 

In particular, VjYj- = Vj Yj, which implies that the one-form associated to Y is closed on a 
simply connected manifold hence exact. This finishes the proof. 

The second proof of theorem 14.31 is more in the spirit of the no breathers theorem due to 
Perelman lPer02l involving some relevant entropy introduced by Cao and Hamilton defined 
originally on compact manifolds. This is the purpose of the next sections. 

4.3. Cao-Hamilton’s entropy on positively curved Riemannian manifolds. 

4.3.1. Existence of minimizers. Cao and Hamilton | CH09] introduced the following entropy 
on a general Riemannian manifold ( M n ,g ). We follow here the presentation and the proofs 
of Zhang jZhallj on Perelman’s entropy : most of the time, the arguments are a straightfor¬ 
ward adaptation of the ones given in jZhallj . therefore, we will only point out the necessary 
modifications. 

A complete Riemannian manifold (M n ,g) has bounded geometry if 

inf Vol B(x , 1) > v > 0 ; |V fc Rm(< 7 )| < Ck < + 00 , V/c > 0. 

xGM 
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There are various definitions of a Riemannian manifold with bounded geometry in the litera¬ 
ture that allows more or less bounded covariant derivatives. Regarding our main application 
in the setting of Ricci flow, Shi’s estimates will ensure the boundedness of the covariant 
derivatives of the curvature operator as soon as the curvature is bounded. 

Define first 


W{g,v) := [ (4|Vu| 2 - 3R g u 2 - v 2 lnv 2 )dg(g), 

Jm 

The best log-Sobolev constant of ( M n ,g ) is defined by 

\(g):=mf{W{g,v) \ veC^(M), \\v \\ L 2 = 1}. (41) 

Again, the setting of ICH09I concerns compact manifolds. Nonetheless, this invariant is 
well-defined on a non compact Riemannian manifold as soon as it has bounded scalar curvature 
and satisfies a Sobolev type inequality that holds, for instance, on manifolds with bounded 
geometry or with non negative Ricci curvature and positive asymptotic volume ratio : see the 
proof of theorem 1.1 of (Zhallj . 

Definition 4.4. The best Log-Sobolev constant of (M n ,g) at infinity is defined by 


Aoo (g) ■= lirninf {W(g, v) \ v G C™(M \ B(p , r)), \\v \\ L 2 = 1} . 

r—>+oo 

Following closely the work of Zhang jZhall , one can prove the existence of a minimizer as 
soon as the geometry at infinity is restricted : 


Theorem 4.5. (Zhang) Let ( M n ,g) be a complete connected Riemannian manifold with 
bounded geometry such that X(g) < Xoo(g)- Then there exists a positive smooth minimizer 
v for X. Moreover, there exist positive constants C and c such that 

v(x) < Ce~ cd ^ x) \ 

for any x € M. 


4.3.2. Monotonicity of the Cao-Hamilton entropy. In the spirit of Perelman’s entropy, Cao 
and Hamilton introduced the following entropy for a Riemannian manifold ( M n , g) , that we 
will denote by Wc~h ■ 


Wc-H{g,v,T) := / r(4|Vu| 2 - 3R s r 2 ) - u 2 ln t; 2 

Jm l 


— (In 47 tt)p 2 



dg(,g), 


for r > 0 and v £ W l,2 (M, R). 

We gather some important remarks in the following proposition : 


Proposition 4.6. (1) Scaling invariance property : if c > 0, r > 0 and v € VF 1,2 (M, M) 

then 

Wc-H(c 2 g,c~ n/ 2 v,c 2 T) = Wc-H{g,v,T). 

(2) Diffeomorphism invariance : if if € Diff(M), r > 0 and v € W 1 ’ 2 (M,M) then 


Wc-H{i>*g, if*v, t) = W c ~H(g , v, r). 

(3) Ifv£ 1T 1,2 (M, E) is such that \\v \\ L 2 = 1 then Wc-H(g, v, 1) = W(g, v)— ^(ln47r) — n. 
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Therefore, one can define the corresponding entropies (at infinity) with analogy with the 
previous section : 


Hc-H(g,r) := inf {W C -h{9,v,t) \ v G |M | L 2 = 1}, 

gc-H,oo(g,T) := lirninf {Wc~H(g,v,T) \ v G Cq°(M \ B(p,r)), \\v \\ L 2 = 1} . 

r—>•+oo 


Again, we collect from (*1 109 and jZhallj the results we need : 

Theorem 4.7. Let (M n , g(t)) t ^ q,t] be a complete non compact Ricci flow with bounded non¬ 
negative curvature operator. Let [ti,^ 2 ] C (0, T], Suppose v\ is a minimizer for the Cao- 
Hamilton entropy Wc~h at time t\. Let (u(t)) t ^\t lt t 2 ] be the bounded solution to the following 
heat equation : 

d t g = — 2 Ric 

< dtu = Au + Ru (42) 

u(t\) := v\ > 0, 

with 11 11 = 1. Then the following holds : 


(1) (Cao-Hamilton) Define the pointwise entropy related to u(t ) : 
P(u) 2A/ - |V/| 2 — 3R +J — j, 


Then 


d t {tP(u)) = A{tP(u))-2V(tP(u))-Vf 


- 2 1 


V 2 /- Ric-^ 


2 1 


-2tjf, 


where 


R 


■■= d t R +■J + 2V R -V/ + 2 Ric(V/, V/) 


is the Harnack quantity associated to ( g(t),u(t )). In particular, 


dt(tP(u)u ) = A (tP(u)u) + R (tP(u)u) — 2 1 


V 2 / — Ric —— 
J 2 1 


T I u 


(2) (Zhang) If t € {ti,t 2 ], 


d t W C -H(g(t), y/u(fl),t) = -2 1 
In particular, 


M n 


V 2 /- Ric-|- +J?)ud l i 


(43) 


g'C-H(g(h),h) < nc-H(g(ti),ti)- 

Proof. The first part of theorem 14.71 is entirely due to [ CH09 J. 

The second part consists in three steps, as described in [Zhallj . that we explain and modify 


now : 
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Claim 5. There exist positive constants A and a such that for any t E [ti, £ 2 ] and any 
x € M, 


u(x,t ) < Ae ad 9(ti)^ p,x ' ) ^ 


for some point p E M. 

First of all, remark that, as the curvature is uniformly bounded on [ti,t 2 ], the 
metrics (g{t))te[ti,t 2 ] are uniformly equivalent. Secondly, theorem 5.1 of [CT Yll j gives 
the following upper bound for the fundamental solution G(x, t, y, t ,\) associated to the 
operator dt — A — R for t\ < t : 


G(x,t,y,ti) < 


Ci 


-C1 


g(H ) 


(*,y) 


a/VoI B(x,y/t - ti) Vol B(y , y/t - t\) 


for some positive constants C\ and ci depending only on a bound of the Ricci curvature 
on [ti,i 2 ] and the dimension n. As (M n , g(t)) te u l t2 ^ is a Ricci flow with uniformly 
bounded non negative sectional curvature, the Sharafutdinov retraction 


Sar77 


to¬ 


gether with Shi’s estimates ensure that {M n , g(t)) t £[t lt t 2 ] i ias bounded geometry where 
the constants appearing in the definition are uniform in time. Therefore, 


G(x,t,y,ti) < 


C 1 


-Cl 


9(H) 


O.y) 


(t ~ tl) n / 2 


for any t > 1 1 with possibly different constants ci and C\. 

Now, by (the proof) of theorem 14.51 any minimizer of the Cao-Hamilton entropy 
satisfies : 


v\(x) < A\e aid a(H) (j>,x \ Vx E M, 


for some positive constants A\ and ai. The claim follows by using the representation 
formula for the solution u(x,t ), i.e. 



G(x,t,y,ti)vl(y)dn(g{ti)), 


together with the previous upper bounds both of the fundamental solution and the 
initial condition. 

Again, following the notations of jZhallj . denote the integrand of the Cao-Hamilton 
entropy by 


i(u) := t 


| Vn| 2 


u 


-3Ru — u In u ~ ln(47rt)n — nu. 


To ensure that Wc~H{g(t), y/u(t),t) is well-defined for any t E [ii, ^ 2 ]? it suffices to 
show that |Vu| 2 /n has the same decay as u given in claim [5j 
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The strategy consists in computing the evolution of |Vu| 2 /it. On the one hand, 
define v(x,t) := sju(x, t ) for (x,t) € M x [ti, ^ 2 ]- Then, 

12' 


d t 




( \Vu\ 

u 

| Vit| 2 


u 


4dt\Vv\ 2 

8(< Vv,Vdtv > + Ric(Vu, Vv)), 

4A|Vu| 2 

8(|V 2 n| 2 + Ric(Vu, Vn)+ < Vv, VAv >). 


On the other hand, 


(9,-A) M - = + ^ 


Rn | |Vn| 2 
~2~ + v 


Finally, we get 

\Vu\ 2 


(d t - A - R) 


u 


= 4 (v < Vv, V R > +2 < Vv, V 


|VU| ' > —2|V 2 n| 2 


= 4 \v < Vv, VR > -2 


V 2 v — 


Vv ( 8 ) Vv 


In order to absorb the term v < Vv, V R >, one observes that : 

(<9 t - A - R)(Ru) = (d t R-AR)u + R(d t u- Au-Ru)- 2 <VR,Vu> 

= 2\ Ric 1 2 u — 4v < Vv, V R > . 

Therefore, using that the Ricci curvature is nonnegative (bounded from below would 
suffice) : 

|Vu| 2 
u 


1 

< 

1 

R) ( 

V-u 2 \ 

J --—h Ru ) 

, u J 

on M x (ti,t 2 \, 

i.e. 

<1 

1 



Q(u) : = 


+ R u , 


nt 


|Vu| 5 


u 


+ Ru , 


(44) 

(45) 


on M n x (f 1 , ^ 2 ] • Now, one can argue exactly as in (Zhallj . In order to apply the 
maximum principle to (1441) . we need to control the decay at the initial time and we 
need to know a priori the growth of the solution at infinity. 

Concerning the initial condition, first note that : 

Q(u)(h) = e c * 1 (4|Vui| 2 + Ru 2 ) 

As v\ is a minimize!' for the Cao-Hamilton entropy, it satisfies the associated Euler- 
Lagrange equation : 

4Aui + 3Rni + 2ni In v± + ln(47rti)ni + nv\ + nc-H(g(t i),ti)vi = 0. 


(46) 
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From this and the Bochner formula, |Vui| 2 satisfies : 

A|Vni| 2 > 2 < VAi>i, Vtq > 

> -C(|Vm| 2 + n 2 ). 

since v\ is in particular bounded from above by theorem 14. 5 1 Again, the nonnegativity 
of the Ricci curvature can be relaxed to bounded Ricci curvature from below. Then, 
a Moser’s iteration shows that 

sup |Vui| 2 < cf (|Vni| 2 + vj)dn(g{ti)) 

B(x, 1/2) Jb(x, 1) 

< c [ vjdn(g(ti)), 

JB(x, 2) 

where, in the last inequality, we use the Euler-Lagrange equation (1461) again. Because 
of the decay of the minimizer v\ at infinity given by theorem 14.51 we get a quadratic 
exponential decay for Q(u){t\). 

Concerning the a priori growth at infinity of Q(u), the difficulty comes from the 
lack of an appropriate lower bound for the minimizer v\. Nonetheless, we circumvent 
this by using the same approximation procedure introduced by Zhang. Let e > 0 and 
consider the unique bounded solution u e to 

dtg = —2 Ric 

< d t u e = A u e + R u e (47) 

u e (ti) := v\ + e > 0, 

on [fi, £ 2 ] x M. This solution has the main advantage that it is uniformly bounded 
from below, moreover, u e converges to u pointwise as e goes to 0. 

The quantity Q(u e ) that is now bounded from above on [ti, < 2 ] satisfies 

{d t — A — R)(Q(u e )) < 0, 

as in ()44l) . By the maximum principle, 

Q(u e )(x,t) < / 

J M n 

on M x [ti, ^ 2 ] ■ As for the upper bound of u, one has : 

Q(u e )(x,t) < C ie ~ cid2 ^ ip ’ x) + C\e, 


on M x [ti,t 2 ] where C\ and c\ are positive constants independent of e. If e goes to 0, 
then we get an appropriate decay for \S7u\ 2 /u ensuring the finiteness of the expression 
Wc-H{g(t), a / u(t),t ) for t € [ti,t 2 ]. 

Finally, we compute the time derivative of t —>• Wc-H{g(t), 1 / u(t),t) as in [ Zhal ll 
with the help of the computations performed by Cao and Hamilton. First note that 


tP{u)u = t ( —2A u + 


|Vu| : 


u 


— 3R« — nlnii — ln(47rt)ii — nu 


= —2tAu + i(u). 
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Therefore, if cf <E C§°(M,R), 

dt f ( tP{u)u)(j)dg(g(t )) = 

Jm 


Now, as i(u) is integrable, by choosing a sequence of functions with compact 

support approximating the identity as in jZhallj , one ends up with 

Vc-H(g{t2),t2) < Wc-Higfa), yju(t2),t2) < Wc~H(g(h), y/u{ti ),ti) = gc-H{g{t\fli). 

□ 

With theorem ro in hand, one can prove that some expanding Ricci solitons are actually 
gradient : 

Corollary 4.8. Let (M n , g(i))te(0,+oo) be a non compact non flat expanding Ricci soliton flow 
with bounded nonnegative curvature operator on compact time intervals. Assume 

gc-H{g{h),h) < pc-H,oo{g{t\)fli), 

for some positive time t\. 

Then {M n , g(t)) te ^ o,+oo) an expanding gradient Ricci soliton. 

Proof. According to theorem !4.5l there exists a smooth positive minimizer v\ for gc~H{g{ti)fli) 
with quadratic exponential decay. Let ( u(t))t be the solution to the heat equation (14211 . In 
particular, we get 

Wc-Higfo), VmM) < Wc-H(g(h), \Ju(ti),ti) = gc-H(g{h),ti)- 

Now, by the invariance property under scalings and under diffeomorphism given by proposition 


! M 


{d t - R){tP{u)u)(j>dg(g(t)) 


A (tP(u)u)<j>d(j,(g(t)) 


im 


-Tt [ ( 

V 2 / — Ric —— 

Jm \ 

J 2 1 

/ (tP(u)u)A<j)dg(g(t)) 

JM 


-2t [ ( 

V 2 / — Ric —— 

Jm V 

J 2 1 


+ Jif ) ucj)dg{g{t )) 


+ Jif ) u<t>dg(g{t)) 


-2 1 / (AA 4>)udg{g{t)) + / (A cf)i{u)dg{g{t)) 


—2t 


IM 


IM 


IM 


V 2 / — Ric — — + Jf) u<j)dg{g{t)) 


g(t i), 

1 1 

where ^ 1) t 2 := Therefore, the function t —> gc-H(g{t),t) is constant on [ti, +oo) 

which implies the expected result by using the evolution of the Cao-Hamilton entropy given 
by (01. 


^ = pc-H(g(ti),ti), 


pc-H{g{t2)M) = gc-H ( 


□ 


Now, we give an alternative proof of theorem 14.31 : 
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Second, proof of theorem \4-3\ Let ( M n ,g , V) be such an implicit expanding Ricci soliton. As 
it is asymptotically conical, one can check that 


I^C—H, oo {9(t),t) = nc-H{eucl,t) > 0, 

where (eucl, t) is the Cao-Hamilton entropy of the Euclidean space at a positive time t. 

The fact that //c-i/(eucl, t) > 0 for any positive t comes from the Gross logarithmic Sobolev 
inequality |Gro75 ] for the standard Gaussian measure (27r) _n / 2 e _ l'b/ 2 . On the other hand, 
this implicit Ricci expander is globally C 2 close to a fixed non flat gradient Ricci expander 
(M n ,go, V°/o) with non negative (Ricci) curvature. By |CN09j . 

9c-h(9o(^), 1 ) < 0 . 

Hence, gc-H(g{ 1), 1) < 0 too. We can now apply corollarv l4.8l to show that ( M n ,g , V ) carries 
a structure of expanding gradient Ricci soliton. 

□ 


4.3.3. Proof of theorem \1.3\ Let ( X , gx) be a compact simply connected Riemannian manifold 
with positive curvature operator. Let (X, gx(s))se[o,+oo] be a curve of Riemannian metrics 
with positive curvature operator of constant volume provided by Bohrn and Wilking {BW081 
connecting ( X,gx ) to (X, c 2 g S n-i) where c n_1 = Vol(X,gx)/ Vol(S n_1 , gf§n-i). 

Thanks to theorems H31 IT71 and 14.31 there exists a curve of expanding gradient Ricci 
solitons (M n , g(s),\7 9 ^ f(s)) with positive curvature operator asymptotic to ( C(X),dr 2 + 
r 2 gx(s),rd r /2) for s € [0, +oo]. 

Now, if two expanding gradient Ricci solitons (Mj, g,;, X 9i fi)i=i ,2 with positive curvature 
operator are asymptotic to the same cone, one can connect each soliton to a soliton 
(Mi, §i, S79* fi)i=i '2 with positive curvature operator whose asymptotic cone is the most sym¬ 
metric one, i.e. (C'(S n_1 ), dr 2 + c 2 g§n-i) with c depending only on the volume of the section of 
the initial cone as before. According to Chodosh [ Chol4j . (Mi, gi, V 9l /i) and (M 2 , < 72 > ^ 92 f 2 ) 
are isometric to the same corresponding Bryant soliton. By using theorem 13.71 one gets that 
the two curves of implicit expanding gradient Ricci solitons are actually isometric, hence the 
uniqueness result. 


Appendix A. Soliton equations 

The next lemma gathers well-known Ricci soliton identities together with the (static) evo¬ 
lution equations satisfied by the curvature tensor. 

Recall first that an expanding gradient Ricci soliton is said normalized if J M e^^dp g = 
(47r) n / 2 (whenever it makes sense). 

Lemma A.l. Let (M n , <7, V /) be a normalized expanding gradient Ricci soliton. Then the 
trace and first order soliton identities are : 


A A n 

A/ = R 9 + 2> 

(48) 

V R g +2Ric(<7)(V/) = 0, 

(49) 

|V/| 2 + R 9 = f + p(g), 

(50) 

div Rm(g)(Y, Z. T ) = Rm (g)(Y, Z, V/, T), 

(51) 


for any vector fields Y, Z, T and where p(g) is a constant called the entropy. 
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The evolution equations for the curvature operator, the Ricci tensor and the scalar curvature 
are : 


Af Rm(g) + Rm(</) + Rm(g) * Rm(g) = 0, (52) 

A f Ric(<?) + Ric(g) + 2Rm(g) * Ric(< 7 ) = 0, (53) 

A/R 5 + R 5 +2|Ric( 9 )| 2 =0, (54) 

where, if A and B are two tensors, A* B denotes any linear combination of contractions of 
the tensorial product of A and B. 


Proof. See [Chap.l,[CCGjl07j] for instance 


□ 


Proposition A.2. Let (M n , <7, V/) be an expanding gradient Ricci soliton. 

• If (M n , g , V/) is non Einstein, 

A fV = v, v > |Vp| 2 . (55) 

(56) 

• Assume Ric (g) > 0 and assume (M n , g,X7 f) is normalized. Then M n is diffeomorphic 
to M n and 

71 

v > g > 0. (57) 

1 / 1 \ ^ 

-r p (x) 2 + min e < v{x) < f-r p (x) + juimv) , Vx € M, (58) 

AVR(g) := lim > g, Vg G M, (59) 

r— >-+oo T n 

—C(n,Vo,Ro)<mmf<0 ; p,(g) > maxR s > 0, (60) 

where Vo is a positive number such that AVR(g) >Vq,Rq is such that sup M R g < Rq 
and p E M is the unique critical point of v. 


• Assume Ric(g) = 0(r p 2 ) where r p denotes the distance function to a fixed point 
p E M. Then the potential function is equivalent to r p /A (up to order 2). 

For a proof, see |Derl4a| and the references therein. 
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